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Abstract — We show that, for feedforward nets with a single hidden layer, a single
output node, and a “transfer function” Tanh s, the net is uniquely determined by its input-
output map, up to an obvious finite group of symmetries (permutations of the hidden nodes,
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contribution to the output, and there is no pair of hidden nodes that could be collapsed to
a single node without altering the input-output map.
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§1. Introduction .

Feedworward neural nets with a single hidden layer have been shown to exhibit a number of
remarkable properties, that makes them good candidates for nonlinear curve-fitting. They
satisfy universal approximation properties (Cybenko, 1989, Hornik et al., 1989). More
recently, it has been proved that they are actually better approximators than many other
classes (e.g. polynomials) in that one needs a smaller number of parameters in order to
approximate an arbitrary function in a certain class within a given error (Barron, 1991a,
1991b). Questions of interpolation using one-hidden layer nets, and in particular issues
dealing with counting how many units are needed in order to achieve a given objective,
are discussed by Sontag (1991b). (It is worth remarking that single-hidden layer nets are
severely restricted in their approximation properties with respect to discontinuous target
functions, as explained in Sontag, 1991a.)

We study the following question: to what extent is a feedforward net uniquely de-
termined by its corresponding input-output map? Hecht-Nielsen (1989) pointed out that
there are some obvious sources of non-uniqueness, arising from internal symmetries such
as the possibility of relabeling the hidden nodes. He asked whether the small, discrete
symmetry group G that he exhibited was actually the full symmetry group, i.e. whether
the input-output map of the net determines the net modulo the symmetries in G.

We give an affirmative answer to this question, by proving a uniqueness theorem:
two “irreducible” nets with the same input-output map are related by a transformation in
g.

The irreducibility condition is needed because there is another source of nonunique-
ness, coming from the fact that a net may contain nodes that make no contribution what-
soever to the output, e.g. nodes whose outgoing connection weights are equal to zero.
This means that there are cases when a net can be reduced (i.e. some of its nodes can be
removed) without changing the input-output map. Clearly, a uniqueness theorem can only
hold for trreductble nets.

In this note we will consider feedforward nets with a single hidden layer, and a transfer
function o(s) = Tanh s. For such nets, we will give a precise definition of reducibility and of
the group G of internal symmetries, and show rigorously that an irreducible net is uniquely

determined, up to symmetries in G, by its input-output map.
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As a byproduct of our results, it will follow that an irreducible net is minimal. Here
we call a net “minimal” if its input-output map cannot be obtained from another net with
fewer hidden nodes. So minimality is not, in principle, an easily checkable property. On the
other hand, “irreduciblity” is defined by listing three very simple situations under which a
net could be made smaller, and then calling the net irreducible if none of these situations
occurs. So irreducibility is easily checked. The fact that irreducibility is equivalent to
minimality means that there is no mechanism, other than the three listed in the definition
of reducibility, that can be used to reduce the number of hidden nodes without changing
the input-output map.

The paper is organized as follows: in §2 we define the main concepts and state the

uniqueness theorem. The proof of the theorem is given in §3.

§2. Statement of the main results .

We will only consider feedforward nets with m input nodes, one layer of hidden neurons,
one output node, and “transfer function” o(s) = Tanh s, so we will just use the word “net”
to refer to this particular kind of neural net. The set of all the nets in this sense that have

n hidden nodes will be denoted by Ny, », so that

1. Np,n is the set of all networks with m input units, one output unit, n hidden units,

and activation function Tanh,
2. a netis a member of N, ,, for some m, n.

Precisely, then, a net consists of the specification of (a) m input nodes, labeled 1,...,m,
(b) n hidden nodes, labeled 1,...,n, (c) one output node, (d) an array W = {w;;} of
weights for the connections from input nodes to hidden nodes, and (e) an array C' = {¢;}
of weights for the connections from the hidden nodes to the output node. The w;; are
indexed by ¢ € {0,...,m}, j € {1,...,n}, so that w;; is the weight of the connection from
the ¢-th input node to the j-th hidden node, and wy; is the “bias” for the j-th hidden
node. Similarly, the ¢; are indexed by j € {0,...,n}.

Given an input vector z = (21,...,2zy,) € R™, the net input v;(z) of the j-th hidden

node is the number

m
I/j(w) = wp; + Zwijwi .
i=1
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The output y;(z) of the j-th hidden node is

yj(z) = o(vj(z)) = Tanh(vj(z)) .

The net input of the output node is
(@) =co+ Y cjyj(z) -
j=1

The output z(z) of the net is the number z(z) = o(p(z)). The function z — z(z) is the
input-output map of the net.

For a fixed m, two nets are I-O equivalent if their corresponding input-output maps
are the same. Our goal is to show that two I-O equivalent nets must necessarily be the
same net, up to some simple internal symmetries.

Fix m. To a net with n hidden nodes we associate the n linear affine functions
R™ 3> 2z — vj(z) € R, j =1,...,n. We call two linear affine functions «, S on R™
sign-equivalent if |a(z)| = |B(z)| for all z € R™. (This is easily seen to be equivalent to
the condition that either a(z) = #(z) for all z or a(z) = —3(=) for all z.) We call a net

reductble if one of the following conditions hold:

(I) one of the ¢;, for j =1,...,n, vanishes;
(IT) there exist two different indices jq,j2 € {1,...,n} such that the functionals v;,, v},

are sign-equivalent.

(ITI) one of the functionals v; is a constant.

If a net N is reducible, then it is I-O equivalent to another net with fewer hidden nodes.
Indeed, if N is reducible because (I) holds, and j € {1,...,n} is such that ¢; = 0, then the
j-th node makes no contribution to the net input u(z), so we can simply remove it without
changing the output. Now suppose that N is reducible because (II) holds. Let j;, 75 be such
that v;, and v;, are sign-equivalent. Let vj, (z) = pv;,(z), where p =1 or p = —1. Then
the combined contribution of the nodes j; and js to p(z) is ¢j, o(vj,(2)) + ¢j,0(vj,(2)),
ie. c¢jo(pvj,(2)) + cjo(vj,(z)), which is equal to pcjo(vj,(z)) + ¢j,0(vj,(z)), ie. to
(pcj, +¢j,)o(vj,(z)). (Here we used the fact that o is an odd function, so o(ps) = po(s).)
So we could obtain the same input-output map by just removing Node j; and changing the

weight of the connection from Node j, to the output from c;, to c’jz = pcj, + ¢j,. Finally,
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if N is reducible because (III) holds, and v; is constant with value k, then we can remove
the j-th hidden node and change ¢ to ¢o + o (k).

An net which is not reducible will be called ¢rreductble. A net with n hidden nodes
will be called minimal if it is not I-O equivalent to a net with fewer hidden nodes. We
have shown above that a minimal net is necessarily irreducible. It will follow from our
main theorem that, conversely, an irreducible net is minimal.

The are some obvious transformations that can be applied to a net N without chang-
ing its input-output map. For instance, suppose we pick a hidden node 7 and change the
sign of all the weights w;; for « = 0,1,...,m, and also change the sign of ¢;. Since o is
odd, this will not alter the contribution of this node to the total net input p(z). Let us
use 6;(N) to denote the net resulting from this transformation.

Another possibility is to interchange two hidden nodes, that is, to take two hidden
nodes j; and j» and relabel j; as j» and j; as j;, taking care to also relabel the cor-

pew e such that

responding weights. (Precisely: consider a new net with weights w}**, cj

WY = wig,, WY = wijy, 7Y = cjy, ¢ = ¢j,.) Call the resulting net 7,5, (V). The
maps 7, j,, 0; generate a finite group G, ,, of transformations of the set Ny, . (The precise
number of elements of this group is 2"n!.) Call two nets in N,, ,, equivalent if they are

related by a transformation in the group G, . It is then clear that two equivalent nets

are [-O equivalent. OQur main result says that the converse is true for irreducible nets:

Theorem 2.1. Let Ny, N> be irreducible I-O equivalent nets in Nm,nu Nm,n2~ Then

(i) n1 = ny and (ii) Ny and N, are equivalent.

We will prove this theorem in the next section. First, we remark that the theorem

implies:
Corollary 2.1. An irreducible net is minimal.

PROOF. Let N be irreducible. If N was not minimal, there would be another net N’ with
fewer hidden nodes that computes the same input-output function. If N’ is not irreducible,
then we could reduce the number of nodes, as explained above, without changing the input-
output map. If the resulting net is not irreducible, we can reduce again. Continue this
process until no further reduction is possible. We then get an irreducible net N which is
I-O equivalent to N but has fewer nodes than N. By the theorem, N and N have the

same number of hidden nodes. This contradiction completes the proof. ||
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§3. Proof of Theorem 2.1 .

1.1 2
ijr Cjr Wiy

the weights of N; and N,. Similarly, use V}(m), yjl-(w), pl(z), 2*(z), I/JZ(CI}), y]z(w), pi(z),

Assume N; and N, are nets with ny, n, hidden nodes. Use w c?, to denote

z*(z), with an obvious meaning. Our hypothesis is that z'(z) = 2%(z) for all z. Since o is

one-to-one, this implies that u'(z) = p?(z) for all z. So the following identity holds:

1 2
c(l) + Zc}a(v}(w)) = c% + Zc?a(vf(w)) . (3.1)

j=1 i=1
Let J = {1,2,...,n1 + n2}, and define ¢; = 1/]1 for 1 <j < mng, p; = I/]z_nl forn; +1<
7 < nj + nq, ag :c(l)—c%,aj:c} forlﬁjgnl,aj:—c?_nl for ni +1 <3 <ny 4+ ns.

Then (3.1) becomes:
w + Y ajo(ps(x) = 0 . (32)

jeJ
Lemma 3.1. Let J be a finite set and let {¢;};cs be a family of nonconstant linear
affine functions on IR™, no two of which are sign-equivalent. Then the functions o o ¢,

J € J and the constant function 1 are linearly independent.

PROOF. Assume that @ + > . ;a0 0 ¢p; = 0. We have to prove that & and all the a;

jeJ
vanish.

Write p;(z) = )\j(w)—l—)\(}, where A; is a nonzero linear functional and )\2 is a constant.
(The fact that A; # 0 follows because ¢; is not a constant.) Our hypothesis guarantees
that, if j1 # j, then either (i) the functionals Aj, , A;, are not sign-equivalent, or (ii) if
Aj; = £Aj,, then the corresponding constant terms Agk do not satisfy )\21 = :I:)\(}2 with the
same choice of sign.

Define an equivalence relation on J by calling two elements j;, 72 of J equivalent
if the corresponding linear functions Aj, A;,, are sign-equivalent. Let & be the set of
equivalence classes. Pick a jg for each E € £. As FE varies over the classes in &, no two of
the functionals A;, are sign-equivalent. So, for each pair F;, E, of distinct members of £,
the set of points z € R™ where |Aj, (z)| # [Aj5, (z)| is open and dense in IR™. Also, for

each F, the set of z € R™ such that A;,(z) # 0 is open and dense in R™, because };, is
not = 0. So we may pick an z such that A;, (z) # 0 for all E € £, and |Aj, (z)] # [Ajp, ()]
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for all pairs F;, Fs of distinct members of £. Let j\j = pjA;, where p; = %1, the sign
being chosen so that S\J(w) > 0. Let 5\2 = pj)\(;, $; = pjpj, a; = p;ja;. Then

a+ ) ajoo@; =0 (3.3)
jeJ
as well, and our proof will be complete if we show that & and all the a; vanish. Moreover,
if the @; vanish, then (3.3) shows that @ = 0 as well. So it will be enough to show that the
a; vanish.

If E € &, then the functionals j\j for 3 € FE are all sign-equivalent, and satisfy
S\J(w) > 0. So in fact all the j\j are equal to one and the same functional, that we will call
Ag. If j,7' € E and j # j', then we know that Aj = adj, where |a| =1 and )\2 + a)\g,.
On the other hand, \;(z) = Aj(z) and Xj(z) = p;jX;(2), Ay (z) = pj Aji(2), so pji = pja.
Since )\2 +* oz)\(;,, we conclude that 5\2 +* 5\2,. So we have shown that the numbers 5\2, as j
vartes over an E € &, are all different.

As FE varies over £, the numbers S\E(w) are positive and different. If 7 € E, we have

_ e2%i(tz) _q
o(p;(tz)) = 2@ 11
fje2t5‘E($) -1

= —éjegtS\E (=) 41

(3.4)

?

220

where §; = e*"i. (In particular, the ¢; for j in a fixed E € &, are all different.) Since

S\E(w) > 0, and ¢; > 0, we can conclude that

Iim o(g;(tz)) =1. (3.5)

t—+4oo

It then follows from (3.3) and (3.5) that

i+ a;=0 . (3.6)
jeJ
If we subtract (3.6) from (3.3) we get

Zdjgj = 0 s (37)

jedJ
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where (; = o 0 ¢; — 1, so that (;(¢) = —2v;(¢), and

1

P;(q) = T EeN®

(3.8)

So we have Z]-EJEI,]"L/)]' =0.
Now order the classes £ € £ in a finite sequence (E1, Es,..., E,), chosen so that
S\El(w) < S\Ez(w) < < S\ET(w) Let v = S\Ek(w) We then have

pi(—tz) = (1 + fje—2tvk)_1 ,

if j € E}. For each j, let k(5) be the k such that j € Ej. For ¢t > 0 and sufficiently large,

we have 0 < £;e72%k() < 1, and so we can expand %;(—%z) in a convergent power series:

o0

$i(—ta) = S (—1)gre ) (3.9)

s=0
If we multiply (3.9) by @; and sum over j, we get

o0

0— Z Z(_l)sajé-;e—2tsvk(j) ,

1.e.

0=>) ) e Y (-1)%G;E; . (3.10)

We rewrite (3.10) as

0= ) e > o (-1)aE (3.11)

vER >0 s€{0,1,...},ke{1,...,r},svp=v JEE.

The index of summation v is a nonnegative real number, but in fact the only v’s occurring
in the summation are those that can be expressed as integral multiples of some v;. So
these v’s form a discrete subset A of the half-line [0, 00[. If we order the elements of A as
a sequence v*,v%, ..., such that 0 < v* < v? < ..., then it follows easily from (3.11) that

all the coeflicients

kt 3 3 (-1)ae (3.12)

s€{0,1,...},ke{1,...,r},svp=0vt jEEL
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vanish. (This is proved by induction on £: if all the x* for £ < £ are equal to zero, then
(3.11) implies that 0 = &Ze_%”[ + o(e_2t”[) as t — 400, so k= 0.)

We now fix a k € {1,...,r}, and assume that we have already proved that the a;
vanish for 7 € Ep/, k' < k. Let o be the number of indices j belonging to E;. Choose
integers s > 0, h > 0, such that the a numbers svy, (s+h)vg, (s+2h)vg, ..., (s+(a—1)h)v;
are not integral multiples of vy for any &' € {k +1,...,7}. (To see that such a choice is
possible, let B be the subset of {k+1,...,7} consisting of those k' such that the quotient
vgs /vy is rational. Write this quotient as py: /qys, where py/, i are relatively prime positive
integers, and py > g > 1, because vy < vy if k' > k. Then sv; cannot be an integer
multiple of vy unless s is divisible by py/. So, if we pick b = [[,,.ppr and s =14 h, we
see that, if § is an integer, then s 4+ dh can never be divisible by pg/, because pr: > 1. So
this s and h have the desired property for all the indices k' € B. Moreover, it is clear that
(s 4+ 6h)v cannot be an integer multiple of vy if vy /vy, is irational. So in fact s and A
work for all the indices k' € {k+1,...,r}.

Now let é be an integer such that 0 < § < a. Then (s + éh)v;, is equal to v? for some
{. The corresponding coefficient s is equal to the sum

>, > (D) aE
s'e{0,1,... k' €{1,...,r},8' v, =0t JEE,:
This sum contains no contribution coming from values of k' such that &' < k, because we
are assuming that all the corresponding a; vanish. A k' such that k' > k can only contribute
to the sum if s'vy = v® for some integer s', and this can only happen if (s + 8h)vy, is an
integral multiple of vg/. Since this is impossible by our choice of s and h, we conclude that
the sum only contains contributions coming from k' = k. In this case, the only possible

value of s’ is s + 6h. So

JEE;

D a;g" =0

JEE;

for 6 =0,1,...,a— 1. Write b; = a;{;, g; = f;’ Then

Therefore

D bigi=0for 6=1,...,a—1. (3.13)
JEE;
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Now, we know that the numbers ;, for j € Ey, are all different. So the g; are
all different. So (3.13) is a system of a linear homogeneous equations for the b;, whose
coeflicients form a Vandermonde matrix. Since the determinant of this matrix is # 0,
because the g; are all different, we conclude that all the b; vanish. But this implies that
the a; vanish as well.

It follows by induction from the above that all the a;, for all 7 € Ey, for all k, are

equal to zero. As explained above, this proves our lemma. |

We now return to the proof of the theorem. Assume that not all the a; are zero.
Then the lemma and (3.2) imply that either (i) one of the ¢; is a constant, or (ii) two
of the ¢; are sign-equivalent. The first possibility is excluded because both nets under
consideration are irreducible. (Cf. Condition (III) of the definition of reducibility.) So
(ii) must hold. But, since no two ¢; coming from the same net can be sign-equivalent
(by Condition (II) of the definition of reducibility), there must exist j1, j» such that
1 <71 <ny,n1 +1 <71 <ny+ na, such that p;, and ¢;, are sign-equivalent. Moreover,
for no other index j € J can ¢; be sign-equivalent to ¢;, . So we can split the left-hand
side of (3.2) into two parts, namely, (a) the sum aj,0(¢;, (2)) + aj,0(¢;,(2)) and (b) the
other terms. The other terms involve the function 1 and functions ¢; that are not constant
and not sign-equivalent to ¢;,. So, by the lemma, the sum a;, o(¢;,(2)) + a;,0(p;,(z))

must vanish. This means that either

1 _ 2 12
Vin = V5 and c; =5

or

1
Vj]_

= —1/;1 and 0;1 = —c?l ,
where we have written j1 = j; and 7! = j» — n1.
Using this, we can rewrite (3.2) removing the contribution from j; and j», and apply

the lemma again to the resulting identity. This will give rise to a second pair of hidden

nodes j2, 72 such that either

1 2 12
Vis = V3 and c;» =5
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or

1
ij

= —1/;2 and 0;2 = —c?z .

This procedure can be continued until we end up with an identity where all the
remaining coeflicients a; vanish. By the irreducibility of the nets, at this point there cannot
be any terms left other than ay, because all the ¢; for ;7 # 0 are supposed to be nonzero
(cf. Condition (I)). So ag = 0, i.e. ¢} = c2. Moreover, we have constructed sequences
315200, 5% 71,92, ,3%, of nodes of Ny, N, such that each v is sign-equivalent to
Vit and to no other v; coming from N, and that the j, 7t exhaust all the nodes of N;,
N,. This means that ny = ny = k. If we make a permutation of the nodes of N, (which
transforms N» into an equivalent net) we may assume that 7% = j% for each £, so that in

fact 11 = :I:I/J2 for each j, and c} = :I:c?, with the same choice of sign in both. So N; and

N, are equivalent, as stated. |
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