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Case (1)

We assume j = 1 without loss of generality. In this case,

@f

@w

11

= (�(�

1

); 0; . . . ; 0)

T

and

@f

@�

1

= (1; 0; . . . ; 0)

T

. Hence

�

1

�(�
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)
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@w

11

+

@f

@�

1

= 0: (35)

Case (2)

In this case,

@f

@�

j

= 0. Evidently, the functions

@f

@�

a

are linearly dependent.

Case (3)

We will prove only the case of (u

j

1

; �

j

1

) = (u

j

2

; �

j

2

). The other case can be proved in the

same way. We assume j

1

= 1 and j

2

= 2 without loss of generality. In this case

@f

@w

11

=

@f

@w

12

=

(�(u

1

� x + �

1

); 0; . . . ; 0)

T

. Clearly the functions

@f

@�

a

are linearly dependent. This completes

the proof of the main theorem. Q.E.D.

The main technique of our proof is to analyze the singularities of the complex function.

This method is also applicable to the kinds of networks that have an activation function whose

analytic continuation has isolated singularities in C. If irreducibility is properly de�ned for

these kinds of networks, an analogy of our main theorem can be obtained in a same fashion.

This method can also be applied to show the fact that the hidden unit functions of an

irreducible perceptron network are linearly independent. This fact plays an essential part in

the proof of Sussmann's theorem. He showed the independence by expanding the sigmoidal

function as an in�nite series and considering its coe�cients carefully. Our method can replace

the discussion on the coe�cients with the analysis of the singularities.

5 CONCLUSION

We elucidate a useful condition ensuring that the Fisher information matrix of a three-layer

perceptron network is positive de�nite: we show that the irreducibility de�ned by Sussmann

(1992) is equivalent to regularity of the matrix. This implies that if the Fisher information

matrix of a three-layer perceptron network is singular, we should search for redundant hidden

units and remove them until the network becomes irreducible. This reduction procedure helps

us apply many statistical techniques that require regularity of the information matrix.

It is extremely important to elucidate the asymptotic behavior of the estimator when a

network in use has redundant hidden units. Our theorem will be helpful in doing this.

Our method essentially depends on complex analytic properties of the sigmoidal function,

and it is important to clarify the regularity conditions for other kinds of feed-forward networks.

As the example in Section 3 shows, minimality is not always a su�cient condition. Determining

the conditions of activation functions in which minimality means regularity of the matrix will

be an interesting problem.
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From eq.(26) we have 	

(l)

i

(t) = 0 for all t 2 R. Hence, by Proposition 1,

	

(l)

i

(z) = 0; for

8

z 2 D

(l)

: (29)

Consequently, by Proposition 2 all the points in S

(l)

j

are removable singularities.

We assume jm

(l)

1

j � jm

(l)

2

j � . . . � jm

(l)

H

j > 0 without loss of generality. We set

p

(l)

j

:=

�

p

�1 � �

j

m

(l)

j

2 S

(l)

j

: (30)

First we discuss the singularity at p

(l)

1

. In the case that jm

(l)

1

j > jm

(l)

2
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(l)

1

is not
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j

for j � 2. Assume jm

(l)

j

j = jm

(l)

1

j for some j � 2. If m

(l)

j

= m

(l)

1

, recalling

the fact m

(l)

j

+ �

j

6= m

(l)

1

+ �

1

for j � 2, we have �

j

6= �

1

and therefore, p

(l)

1

=2 S
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j

. Likewise, if

m

(l)

j

= �m

(l)

1
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j

6= ��

1
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(l)

1
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(l)

j

. Thus we conclude p

(l)

1

=2 S

(l)

j
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i
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The point p

(l)

1

is a regular point of �

(l)
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(z), while �(m

(l)

1

z + �

1

) has a pole of order 1 at p
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1

z + �

1

) has a pole of order 2 at p
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. Since p
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is a removable singularity of 	
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�
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1

, we have

w
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As a result, we have 	

(l)

i

(z) = �

(l)

i;2

(z). Applying the same argument successively to p

(l)

2

, p

(l)

3

,

. . ., we �nally obtain

w

ij

L

X

k=1

�

jk

x
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8

i;

8
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8

l;

w

ij
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8
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8

j;

�

ij
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8

i;

8

j;

�

i0

= 0;

8

i: (34)

By the assumption of irreducibility, for any j there exists i such that w

ij

6= 0. Picking such

i, we obtain

P

k

�

jk

x

(l)

k

= 0 and �

j0

= 0. Since hx

(1)

; . . . ; x

(L)

i form a basis of R

L

, we have

�

jk

= 0. Now we conclude that all the linear coe�cients of eq.(23) are zero.

[ ) ] We will prove that if f(�; �) is reducible, then the functions

@f

@�

a

are linearly dependent.

By the de�nition of reducibility, one of the following conditions is satis�ed:



Information Matrix of a MLP Network 9

Proof of the main theorem

[ ( ] Let f(�; �) be an irreducible three-layer perceptron network. From Lemma 3, there exists

a basis of R

L

, hx

(1)

; . . . ;x

(L)

i, that satis�es the conditions stated in the lemma. By lemma 2,

we have to prove if
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First we calculate the derivatives of f :
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where �

ab

denotes Kronecker's delta. Hence, for 1 � i �M ,

H
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�
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j
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j
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i0

+

H
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L
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We substitute x

(l)

t (t 2 R) for x in eq.(25), and use the notation m
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j

:= u

j

� x

(l)

. We have

m
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�
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We �x l for a while. We set
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are the singularities of �(m
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. We de�ne holomorphic functions on D

(l)

as follows:
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We de�ne the complex sigmoidal function on C by

�(z) =

1

1 + e

�z

; (z 2 C): (22)

The singularities of � are fz 2 C j z = (2n+1)�

p

�1; n 2 Zg, all of which are poles of order 1.

This is clear from the fact that the set of all the zeros of 1 + e

�z

is f(2n + 1)�

p

�1 j n 2 Zg,

and each of them is of order 1.

Next we review fundamental propositions in complex analysis.

Proposition 1 Let f be a holomorphic function on a connected open set D in C, and p be

a point in D. If there exists a sequence fp

n

g

1

n=1

in D such that p

n

6= p, lim

n!1

p

n

= p, and

f(p

n

) = 0 for all n 2 N, then f(z) = 0 for all z 2 D.

(For the proof, see Ahlfors 1966.)

Proposition 2 Let f be a holomorphic function which has an isolated singularity at p. Then

the following equivalence relations hold:

(1) p is a removable singularity , lim

z!p

z 6=p

f(z) 2 C.

(2) p is a pole , lim

z!p

z 6=p

jf(z)j =1.

(3) p is an essential singularity

, lim

z!p

z 6=p

f(z) does not exist and lim

z!p

z 6=p

jf(z)j 6=1.

(See Ahlfors 1966.)

We prepare a lemma on three-layer perceptron networks for the proof of the main theorem.

Lemma 3 Let f(�; �) be an irreducible three-layer perceptron network. Then there exists a

basis of R

L

, hx

(1)

; . . . ;x

(L)

i, that satis�es the following conditions:

(1) u

j

� x

(l)

6= 0 for all j and l.

(2) u

j

1

� x

(l)

+ �

j

1

6= �(u

j

2

� x

(l)

+ �

j

2

) for j

1

6= j

2

and for all l.

[Proof] For 1 � j � H, we set

C

j

:= f(x

(1)

; . . . ;x

(L)

) 2 R

L�L

j 1 �

9

l � L; u

j

� x

(l)

= 0g;

and for j

1

6= j

2

,

B

j

1

j

2

:= f(x

(1)

; . . . ;x

(L)

) 2 R

L�L

j 1 �

9

l � L;

(u

j

1

� u

j

2

) � x

(l)

+ (�

j

1

� �

j

2

) = 0; or (u

j

1

+ u

j

2

) � x

(l)

+ (�

j

1

+ �

j

2

) = 0g:

By the assumption of irreducibility, C

j

and B

j

1

j

2

is a union of a �nite number of hyperplanes

in R

L�L

. Let U := f(x

(1)

; . . . ;x

(L)

) 2 R

L�L

j x

(1)

; . . . ;x

(L)

are linearly independent g. U is

an open dense set in R

L�L

. Thus U � (([

j

C

j

) [ ([

j

1

6=j

2

B

j

1

j

2

)) is an open dense set in R

L�L

.

Choose (x

(1)

; . . . ;x

(L)

) 2 U � (([

j

C

j

) [ ([

j

1

6=j

2

B

j

1

j

2

)), then they form a basis of R

L

that

satisfy the stated conditions. Q.E.D.
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the minimality of a network does not always imply the regularity of the matrix. We do not yet

know the characterization of activation functions that makes our main theorem hold.

Example

Let X and Y be one-dimensional. For an activation function we set

�(t) = t + exp(�t

2

): (16)

We investigate feed-forward networks with 2 hidden units and the activation function �. We

write

f(x;�) =

2

X

j=1

w

j

�(u

j

x + �

j

) + �; (17)

where � = (w

1

; w

2

; �; u

1

; u

2

; �

1

; �

2

). We de�ne the parameter �

0

as follows:

w

1

= w

2

= 1;

u

1

= 1;

u

2

= �1;

�

1

= �

2

= � = 0: (18)

Then we obtain

f(x;�

0

) = �(x) + �(�x)

= 2 exp(�x

2

): (19)

In this case, f(�;�

0

) is minimal, yet the Fisher information matrix is singular at �

0

. To prove

that the network is minimal, suppose f(�;�

0

) is written by a network with 1 hidden unit, that

is, f(x;�

0

) = ��(ax + b) + �. Then we have �(ax + b + expf�(ax + b)

2

g) + � = 2 exp(�x

2

).

Considering the limit for x ! 1, we know �a = 0. If � = 0, then � = 2 exp(�x

2

), and if

a = 0, then �(b + exp(�b

2

)) = exp(�x

2

). Since both cases never happen, we conclude f(�; �

0

)

is minimal. Next, we have

@f(x; �

0

)

@�

1

= 1� 2x exp(�x

2

);

@f(x; �

0

)

@�

2

= 1 + 2x exp(�x

2

);

@f(x; �

0

)

@�

= 1: (20)

Hence

@f(x;�

0

)

@�

1

+

@f(x;�

0

)

@�

2

� 2

@f(x;�

0

)

@�

= 0: (21)

This implies that the Fisher information matrix is singular.

4 MATHEMATICAL PROOFS

In this section we will give a complete proof of the main theorem. The main idea of our proof

is to consider the analytic continuation of the linear combination of hidden unit functions. It

has much analytic information in its singularities.
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Since f and g are both irreducible, the mapping c is necessarily injective. This contradicts the

assumption H

0

< H and completes the proof. Q.E.D.

Irreducibility is de�ned by excepting three simple situations under which a network can be

made smaller. The above theorem asserts that no other situations can reduce the number of

hidden units without changing the input-output map. The concept of irreducibility thus gives

us an important viewpoint for analyzing redundancy of network parameters.

3 MAIN THEOREM

The main result of this paper is as follows:

Theorem 1 Assume that the input density q is positive and continuous. Then the Fisher

information matrix of a three-layer perceptron network is positive de�nite if and only if the

network is irreducible.

Combining this theorem with Sussmann's result, we have

Corollary 1 Assume that the input density q is positive and continuous. Then the Fisher

information of a three-layer perceptron network is positive de�nite if and only if the network is

minimal.

Statistical theories assuming the regularity of an information matrix are sometimes applied

improperly to multilayer perceptron networks, which can have a singular information matrix.

The above theorem suggests a practical method of avoiding this: if one �nds the Fisher infor-

mation matrix singular, one should search for redundant hidden units and remove them until

the network becomes irreducible.

In this paper, we discuss networks with the identity output-unit activation function. How-

ever, the result for these networks can be easily extended to networks with the sigmoidal

output-unit activation function. To see this, let f(�; �) be a multi-layer perceptron network,

and de�ne g(�; �) by

g

i

(x; �) := �(f

i

(x; �)); (1 � i �M): (14)

Then we have

@g

i

(x; �)

@�

a

= �

0

(f

i

(x; �))

@f

i

(x; �)

@�

a

: (15)

Because �

0

(t) is positive, it is easy to obtain that

@g

i

@�

a

are linearly independent if and only if

@f

i

@�

a

are linearly independent. Since lemma 1 and 2 hold also for g(�; �), the Fisher information

matrix of g(�; �) is regular if and only if that of f(�; �) is regular. Thus we can concentrate our

discussion on networks with the identity output-unit activation function.

It is a very interesting problem to elucidate the regularity conditions for general feed-forward

networks. Intuitively, it seems natural that if a network is minimal, the information matrix of

the network is regular. As the following example shows, however, for some activation functions
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2.3 Functionally Equivalent Networks

Sussmann (1992) shows a condition that ensures two three-layer perceptron networks have the

same input-output map, using the concept of minimality and irreducibility. This idea is relevant

to our main theorem. We state a slight extension of his theorem here.

Theorem [Sussmann]A three-layer perceptron network is irreducible if and only if it is minimal.

In the case of a network with one-dimensional output and tanh as the activation function,

the theorem was proved by Sussmann (1992, Corollary). Using Sussmann's result, we can easily

prove the above theorem in the general case.

[Proof] First, note that �(t) = (1 + tanh(t=2))=2. We de�ne a map from the parameter space

of three-layer perceptron networks to that of tanh networks by

w

ij

7!

1

2

w

ij

; �

i

7!

1

2

(�

i

+ w

i1

+ w

i2

+ . . . + w

iH

);

u

jk

7!

1

2

u

jk

; �

j

7!

1

2

�

j

: (10)

This gives one-to-one correspondence of two kinds of networks that preserves irreducibility and

minimality. It is clear that Sussmann's result holds also for three-layer perceptron networks

with a one-dimensional output unit and the sigmoidal hidden-unit activation function.

The proof that a minimal network is irreducible goes in exactly the same way as the one-

dimensional case in Sussmann (1992), so we omit it. Let F

[i]

:= fj j 1 � j � H; w

ij

6= 0g. For

each i we de�ne a three-layer perceptron network f

[i]

(�; �) by

f

[i]

(x;�

[i]

) =

X

j2F

[i]

w

ij

�(u

j

� x+ �

j

) + �

i

; (11)

where �

[i]

= f(w

ij

; �

i

; u

jk

; �

j

) j j 2 F

[i]

g. This is the i th underlying subnetwork with a single

output unit and #F

[i]

hidden units.

Suppose f(�; �) is not minimal, then there exists a network g(�;!) with H

0

hidden units

(H

0

< H) such that f(x;�) = g(x;!) for all x 2 X. We can assume g is irreducible by

eliminating redundant hidden units if necessary. We set

g

[i]

(x;!) =

H

0

X

h=1

a

ih

�(b

h

� x + �

h

) + 


i

: (12)

We de�ne G

[i]

:= fh j 1 � h � H

0

; a

ih

6= 0g and the underlying subnetworks g

[i]

(x;!

[i]

) in

the same way as f

[i]

. Note that all the underlying subnetworks are irreducible if the original

network is irreducible.

We have f

[i]

= g

[i]

, then by the sigmoidal version of Sussmann's result on single output nets

(Sussmann, 1992, Theorem 1), there exists a one-to-one correspondence, c

i

: F

[i]

! G

[i]

, such

that (u

j

; �

j

) = �(b

c

i

(j)

; �

c

i

(j)

). If j is contained in di�erent F

[i]

and F

[i

0

]

, the corresponding

hidden units c

i

(j) and c

i

0

(j) must be identical since the original network g is irreducible.

Therefore, the following function is well de�ned.

c : f1; . . . ;Hg �! f1; . . . ;H

0

g;

c(j) = c

i

(j) if j 2 F

[i]

: (13)
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We assume that Gaussian noise is added to the output. It is well known (Watanabe &

Fukumizu, 1995) that the maximum likelihood estimator under the Gaussian noise assumption

is equal to the least-squares estimator. Therefore, the above de�nition of the probability density

is natural when we consider feed-forward neural networks from the statistical viewpoint.

We show simple lemmas to characterize the regularity of a Fisher information matrix.

Lemma 1 Let q be a probability density function on X, and V be a M �M positive de�nite

symmetric matrix. Let f(�; �) be a feed-forward network with an activation function of class

C

1

. Then I(�), the Fisher information matrix of the network f(�; �) with respect to q and V ,

is given by

I

ab

(�) =

Z

X

I

ab

(x; �)q(x)dx; (6)

where

I

ab

(x; �) =

�

@f (x; �)

@�

a

�

T

V

�1

�

@f(x; �)

@�

b

�

: (7)

[Proof] Integrating on y, we easily obtain the above formula. Q.E.D.

Lemma 2 Let f(�; �) be a feed-forward network with an activation function of class C

1

. Let q

be a probability density function on X, and V be a M � M positive de�nite symmetric matrix.

If q is continuous and q(x) > 0 for all x 2 X, then I(�), the Fisher information matrix of

the network f(�; �) w.r.t. q and V , is strictly positive de�nite if and only if the vector valued

functions

@f (x; �)

@�

a

(1 � a � H(M + 1) + L(H + 1)) are linearly independent over R.

[Proof] It su�ces to show that I(�) is not positive de�nite if and only if the derivatives are

linearly dependent. The matrix I(�) is not positive de�nite if and only if there exists a non-zero

vector (v

a

) that satis�es

X

a

X

b

v

a

I

ab

(�)v

b

= 0: (8)

Using lemma 1, the left hand side of eq.(8) is calculated as

X

a

X

b

v

a

I

ab

(�)v

b

=

Z

X

 

X

a

v

a

@f(x; �)

@�

a

!

T

V

�1

 

X

b

v

b

@f(x; �)

@�

b

!

q(x)dx: (9)

By the assumption that q is continuous and positive and that V is positive de�nite, we easily

conclude that I(�) is singular if and only if the derivatives are linearly dependent. Q.E.D.

Remark: From this lemma, we know that regularity of the information matrix does not depend

on a choice of V and q if q is continuous and positive. Hereafter, we assume q is always positive

and continuous, and we omit V and q when we discuss the regularity.

Although multilayer perceptron networks have been analyzed from the statistical viewpoint

(White, 1989; Watanabe & Fukumizu 1994), the regularity conditions of the Fisher information

matrix have not been clari�ed yet. We will present a useful condition in the next section.
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De�nition 2 Let f(�; �) be a three-layer feed-forward network with H hidden units. We call

f(�; �) minimal if no networks with fewer hidden units have the same input-output map as

f(�; �); that is, if for any network g(�;!) with H' hidden units (H

0

< H) and the same activation

function there exists x 2 X such that f(x; �) 6= g(x;!).

In this paper, �(t) denotes the sigmoidal function de�ned by

�(t) =

1

1 + e

�t

: (3)

We de�ne a three-layer perceptron network as a three-layer feed-forward network with the acti-

vation function �. We consider only networks with the identity output-unit activation function.

However, our main theorem is applicable to networks with the sigmoidal output-unit activation

function, as we explain later.

We slightly extend Sussmann's de�nition of irreducibility. Sussmann (1992) discussed net-

works with a single output unit. We de�ne irreducibility for a multilayer perceptron network

with multiple output units.

De�nition 3 A three-layer perceptron network with H hidden units is said to be irreducible if

it satis�es the following three conditions:

(1) u

j

6= 0, for 1 �

8

j � H.

(2) (w

1j

; . . . ; w

Mj

)

T

6= 0

T

, for 1 �

8

j � H.

(3) For any two di�erent indices j

1

and j

2

, (u

j

1

T

; �

j

1

) 6= �(u

j

2

T

; �

j

2

).

2.2 Fisher Information Matrix

Next we discuss the Fisher information matrix of a neural network.

De�nition 4 Let � be a domain in R

S

. Let fp(z; �) j z 2 R

n

; � 2 �g be a family of

probability density functions of class C

1

on �. Then, the matrix

I

ab

(�) =

Z

R

n

@ log p(z; �)

@�

a

@ log p(z; �)

@�

b

p(z; �)dx; (1 � a; b � S) (4)

is called the Fisher information matrix at � 2 �.

A symmetric n � n matrix A = (a

ij

) is called semi-positive de�nite if x

T

Ax � 0 for all x

2 R

n

, and called (strictly) positive de�nite if x

T

Ax > 0 for any non-zero vector x. A Fisher

information matrix is necessarily semi-positive de�nite but is not always positive de�nite. If

the Fisher information matrix I(�

0

) at the true parameter �

0

is positive de�nite, it essentially

determines the asymptotic behavior of the maximum likelihood estimator

^

�

N

, where N is the

number of data. Asymptotic theory shows that the limiting distribution of

p

N(

^

�

N

� �

0

) is

the multivariate normal distribution with a covariance matrix I(�

0

)

�1

. Therefore, it is very

important to elucidate the regularity conditions of Fisher information matrixes.

De�nition 5 Let f(�; �) be a feed-forward network. Let q be a probability density function on

X, and V be a M � M positive de�nite symmetric matrix. The Fisher information matrix of

the network f (�; �) with respect to q and V is de�ned by the Fisher information matrix of the

family of densities fp(x; y; �)g at �, where

p(x; y; �) =

1

(2�)

M=2

jV j

1=2

expf�

1

2

(y � f(x; �))

T

V

�1

(y � f(x; �))gq(x): (5)
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matrix of the parametrized distribution essentially determines the asymptotic behavior of the

estimator (Cram�er, 1946). This matrix works as a Riemannian metric in information geometry

(Amari, 1985) and plays an essential part in the derivation of Akaike's Information Criterion

(AIC, Akaike, 1974). A Fisher information matrix is necessarily semi-positive de�nite by de�-

nition, but is not always regular or positive de�nite. Many of the statistical techniques based

on the asymptotic theory, however, require the matrix to be positive de�nite. In many linear

problems, such as polynomial approximation, the Fisher information matrixes are always posi-

tive de�nite under general conditions. In multilayer perceptron networks, however, the Fisher

information matrix can be singular, and therefore, AIC cannot always be applied properly

(Hagiwara et al. 1993). Thus it is essential to elucidate the conditions in which a multilayer

perceptron network has a positive de�nite Fisher information matrix.

Several investigators have recently studied equi-output conditions for multilayer perceptron

networks (Sussmann, 1992; Chen et al., 1993; K�urkov�a, 1994) and their results give hints about

how to analyze the regularity conditions of a Fisher information matrix. Sussmann (1992)

introduces the concept of minimality and irreducibility, and clari�es the condition in which two

three-layer perceptron networks have the same input-output map. He calls a network \minimal"

if its input-output map cannot be obtained from another network with fewer hidden units. On

the other hand, \reducibility" is de�ned by listing three very simple situations under which a

network could be made smaller, and calling a network \irreducible" if none of these situations

occurs. Sussmann proves that irreducibility is equivalent to minimality, giving us an insight

into the e�ectiveness of network parameters.

Our main result is a theorem asserting that the Fisher information matrix of a three-layer

perceptron network is positive de�nite if and only if the network is irreducible; that is, if it

is minimal. From this theorem we know that a network with a singular Fisher information

matrix can be reduced to one with a positive de�nite Fisher Information matrix by removing

redundant hidden units. We prove the theorem in a rigorously mathematical way with the help

of some fundamental propositions in complex analysis.

This paper is organized as follows. Section 2 introduces the required de�nitions and simple

lemmas, Section 3 presents our main theorem and explains its meaning, and Section 4 mathe-

matically proves the main theorem. Section 5 concludes with a brief summary, a statement of

the signi�cance of this work, and an indication of related problems that remain to be studied.

2 DEFINITIONS AND PRELIMINARIES

2.1 De�nition of Neural Networks

Let X = R

L

and Y = R

M

. Let � = f� = (w

11

; . . . ; w

MH

; �

1

; . . . ; �

M

;

u

11

; . . . ; u

HL

; �

1

; . . . ; �

H

) 2 R

M(H+1)+H(L+1)

g. In the following discussion, we write

u

j

:= (u

j1

; u

j2

; . . . ; u

jL

)

T

: (1)

De�nition 1 Let X, Y , and � be as above. Let � be a function on R. A three-layer feed-

forward network with H hidden units and the activation function � is a parametrized function

f(�; �) : X ! Y , (� 2 �) de�ned by

f

i

(x; �) =

H

X

j=1

w

ij

�

 

L

X

k=1

u

jk

x

k

+ �

j

!

+ �

i

; (1 � i �M): (2)

We de�ne a minimal network, following Sussmann (1992), as:
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Abstract { The Fisher information matrix of a multi-layer perceptron network can be singular

at certain parameters, and in such cases many statistical techniques based on asymptotic theory

cannot be applied properly. In this paper, we prove rigorously that the Fisher information

matrix of a three-layer perceptron network is positive de�nite if and only if the network is

irreducible; that is, if there is no hidden unit that makes no contribution to the output and

there is no pair of hidden units that could be collapsed to a single unit without altering the

input-output map. This implies that a network that has a singular Fisher information matrix

can be reduced to a network with a positive de�nite Fisher information matrix by eliminating

redundant hidden units.
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1 INTRODUCTION

Feed-forward neural networks, described as a family of parametrized functions ff(x; �)g, have

been applied in a variety of areas and have recently been extensively analyzed theoretically.

As Watanabe and Fukumizu (1995) show, it is useful to describe neural networks as a para-

metric family of probability density functions. From the statistical viewpoint, the least squares

learning in a network can be considered as nonlinear regression which approximates E[yjx], the

conditional expectation of the output y given an input x (White, 1989; Watanabe & Fukumizu,

1995). The least squares estimator of � is equal to the maximum likelihood estimator, which

has been extensively analyzed in statistics. White (1989) reviews learning in neural networks in

detail from the statistical viewpoint and provides useful insights into network learning methods.

The statistical approach to analyzing neural networks is thus clearly an e�ective one.

Of the many feed-forward models, the multilayer perceptron model (Rumelhart et al., 1986)

is one that has shown considerable utility in many applications. From the theoretical viewpoint,

it has been proved (Cybenco, 1989; Funahashi, 1989; Hornik et al., 1989) that a three-layer

perceptron network can approximate an arbitrary continuous function on a compact set with

any desired accuracy if an in�nite number of hidden units are available. It has also been proved

that three-layer perceptron networks are better approximators than many other conventional

models, such as polynomials, in that we need fewer parameters to approximate an arbitrary

function in a certain class (Barron, 1993). These theoretical results show the feasibility of

multilayer perceptron networks.

In this paper, we discuss the Fisher information matrix of a multilayer perceptron network.

In parametric estimation like the learning in feed-forward networks, the Fisher information


