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(1) there exists j such that u; = o.
(2) there exists j such that wi; =--- = wy; = 0.
(3) there exist different j; and j, such that (w;, T, () = (wy, T.¢,) or (u;, T,¢,) = — (w7, ()

Cdse (1)

We assume j = 1 without loss of generality. In this case, of _ (0((1),0,...,0)T and

Owyq
of _ (1,0,...,0)”. Hence

1 of ﬂ _ .
B o((1) Qw1 Om - (35)

Case (2)

In this case, g—gj = 0. Evidently, the functions % are linearly dependent.
Case (3)
We will prove only the case of (u;,,(j,) = (u;,.(;,). The other case can be proved in the

same way. We assume 7; = 1 and j» = 2 without loss of generality. In this case 0?“{1 = 0?3; =
(0(uy - ® + (1),0,...,0)T. Clearly the functions % are linearly dependent. This completes
the proof of the main theorem. Q.E.D.

The main technique of our proof is to analyze the singularities of the complex function.
This method is also applicable to the kinds of networks that have an activation function whose
analytic continuation has isolated singularities in C. If irreducibility is properly defined for
these kinds of networks, an analogy of our main theorem can be obtained in a same fashion.

This method can also be applied to show the fact that the hidden unit functions of an
irreducible perceptron network are linearly independent. This fact plays an essential part in
the proof of Sussmann’s theorem. He showed the independence by expanding the sigmoidal
function as an infinite series and considering its coefficients carefully. Our method can replace
the discussion on the coefficients with the analysis of the singularities.

5 CONCLUSION

We elucidate a useful condition ensuring that the Fisher information matrix of a three-layer
perceptron network is positive definite: we show that the irreducibility defined by Sussmann
(1992) is equivalent to regularity of the matrix. This implies that if the Fisher information
matrix of a three-layer perceptron network is singular, we should search for redundant hidden
units and remove them until the network becomes irreducible. This reduction procedure helps
us apply many statistical techniques that require regularity of the information matrix.

It is extremely important to elucidate the asymptotic behavior of the estimator when a
network in use has redundant hidden units. Our theorem will be helpful in doing this.

Our method essentially depends on complex analytic properties of the sigmoidal function,
and it is important to clarify the regularity conditions for other kinds of feed-forward networks.
As the example in Section 3 shows, minimality is not always a sufficient condition. Determining
the conditions of activation functions in which minimality means regularity of the matrix will
be an interesting problem.
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From eq.(26) we have \Ilil)(t) = 0 for all ¢ € R. Hence, by Proposition 1,
7P(z)=0, forvze D", (29)

Consequently, by Proposition 2 all the points in S;l) are removable singularities.

We assume |m1)| > |m;l)| >...> |m¥{)| > 0 without loss of generality. We set

I m—1—=¢; I
o= VTIZG g, (30)
m;
J
First we discuss the singularity at p( ). In the case that |7n1)| > |m2 |, clearly p() is not
contained in S() for 7 > 2. Assume |7n(1)| = |m(7)| for some j > 2. If m(]]) m(l]), recalling

the fact m( ) +( # m )+ (1 for 7 > 2, we have (; # (1 and therefore, p ¢ S( ) Likewise, if
,5-7) = —7n§’) we obtain (; # —(; and p(]) ¢ S(]) Thus we conclude p(l) ¢ S:(il) for 7 > 2.
We rewrite \I/i )(z) as

L

TP (2) = wi (Z Bz + /310> o (mPz 4+ ¢) + anomiPz+ ) + (/)5;2(2), (31)

k=1

where

L
¢(l)( =i+ Y O‘ijg(mg‘l)z +G)+ Y wi (Z Bz + /3j0> U'(mg-l)z +§G)- (32)

7>2 j>2 k=1

) s )

The point, p( is a regular point of (/) ( ), while rr(m z+ (1) has a pole of order 1 at p( and

(m( )2 + (1) has a pole of order 2 at p( ). Since p( ) is a removable singularity of \I!E )(z) and
w1 (Ekﬁlk:pk z+ ﬁlO) does not have an isolated zero point at p( ) we have
L
1
“MﬁlZﬁM‘ﬂ?%) = wi1 19 = 0,
a;n = 0. (33)

As a result, we have lﬁgl)(,) d)(l)( z). Applying the same argument successively to pg]), pg]),

.., we finally obtain

L
wi; Y By =0, ANASA
w;iBi0 =0, Yi7 4,
U5 = 0, viavj:
o =0, vi. (34)

By the assumption of irreducibility, for any j there exists # such that w;; # 0. Picking such
i, we obtain Y, ﬁjkg;;cl) =0 and Bjo = 0. Since {z(V,...,2P)) form a basis of R¥, we have
Bjr = 0. Now we conclude that all the linear coefficients of eq.(23) are zero.

[ = ] We will prove that if f(+;8) is reducible, then the functions % are linearly dependent.

By the definition of reducibility, one of the iollowmg conditions is satisfied:
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Proof of the main theorem

[ < ] Let f(-; @) be an irreducible three-layer perceptron network. From Lemma 3, there exists
a basis of RL, (z(l), ey w(L)>, that satisfies the conditions stated in the lemma. By lemma 2,

we have to prove if

M af H L
ZZ ’]3“, +Za’0 +Zzﬁﬂaﬂ +Z/370 =0, (23)

=1 j=1 2=1 =1 k=1

then all the coeflicients, a;;, aj0, Bji, and f;9, are zero.
First we calculate the derivatives of f:

afh
= 67 4 5
awigj 1%2 ( cx+ CI)
afi
I biyias
o,
aft ;
Duy, = wio’ (u; -2+ (),
of
o, — war(wietG), (24)
where 6, denotes Kronecker’s delta. Hence, for 1 <7 < M,
H H L
ZO(Z']'J(’LL]' -+ C]) “+ @0 + Z Zﬁjkwija'(uj -+ Cj)-Tk
=1 7=1 k=1
H
+ 3 Biowsjo (w; - @ + () =0, (25)
—

We substitute (V¢ (t € R) for @ in eq.(25), and use the notation mgl) = u; - V. We have
(7) # 0 and m(]) +(, # :I:(m(l) + (j,) for j1 # j2. Then, forallt € R

ZO‘” mPt+ () +O‘10+Zzﬁﬂ»w” (mt + ¢yt

j=1 j=1k=1
—I—Zﬁ,(]wu m\t 4 () = (1<i<M1<I<L). (26)

We fix [ for a while. We set

_ A DTVEI=G o g (27)

si={zeC|z e

Clearly the points in S( ) are the singularities of (T( )z + ¢;). Let DY .= C - U SU) Note
that R ¢ DY, We deﬁne holomorphic functions on D( ) as follows:

H
\If(”() Z“’J (m z+CJ +(y,()+ZZﬂ,A{17,j(7 m z+CJ) D,

j=1 j=1k=1

H
+ 3 Biowsio’ (2 + (), (1<i< M) (28)
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We define the complex sigmoidal function on C by

1
14+e*

o(z) = , (z € C). (22)
The singularities of o are {z € C | z = (2n+ 1)mv/—1,n € Z}, all of which are poles of order 1.
This is clear from the fact that the set of all the zeros of 1+ e % is {(2n + 1)7v/—=1 | n € Z},
and each of them is of order 1.

Next we review fundamental propositions in complex analysis.

Proposition 1 Let f be a holomorphic function on a connected open set D in C, and p be
a point in D. If there exists a sequence {p,}52, in D such that p, # p, lim p, = p, and

f(pn) =0 for alln € N, then f(z) =0 for all z € D.

(F()r the proof, see Ahlfors 1966.)

Proposition 2 Let f be a holomorphic function which has an isolated singularity at p. Then
the following equivalence relations hold:

(1) p is a removable singularity < ll_r)r%] f(z) € C.

z#p
(2) pisapole < /hg}lg |7(2)] = o0.
zZ#p
(3) p is an essential singularity
& Zhg}) f(z) does not exist and ;1_13) |7 (2)] # oc.
ZFp ZFp

(See Ahlfors 1966.)

We prepare a lemma on three-layer perceptron networks for the proof of the main theorem.

Lemma 3 Let f(+;0) be an irreducible three-layer perceptron network. Then there ewists a
basis of RY, (), ... 2P)), that satisfies the following conditions:

(1) uwj- 2D #0 for all j and 1.

(2) uj, -2V + ¢, £ £(uy, -2V +¢,) for j1 # jo and for all l.

[Proof] For 1 < j < H, we set
Ci={(z™,....a D) e RV |1 <7< L, uj-2 =0},
and for j1 # jo,

B, = {(z™,...,a®) e RV 17 1< L,

(uj, —uy,)- oD 4+ Gy —¢o) =0, or (uj, +u,,)- 20 4 (¢j, + Cjy) = O}

By the assumption of irreducibility, C; and Bj, ;, is a union of a finite number of hyperplanes
in REXE, Let U := {(z™,...,2P)) ¢ RE¥E | 200, 2D are linearly independent }. U is
an open dense set in R**F. Thus U — ((U;C;) U (Uj, 24, Bj,7,)) is an open dense set in RE*L,
Choose (zV),...,21)) € U - ((U;C}) U (Uj,24,B;,5,)), then they form a basis of RY that
satisfy the stated conditions. Q.E.D.
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the minimality of a network does not always imply the regularity of the matrix. We do not yet
know the characterization of activation functions that makes our main theorem hold.

Example
Let X and Y be one-dimensional. For an activation function we set

p(t) = t + exp(—£2). (16)
We investigate feed-forward networks with 2 hidden units and the activation function p. We
write
2
f(x;0)= Z'wjp('u,jrli +¢) + 7, (17)
=1

where 0 = (wy, wa,n, w1, u2,¢1, (). We define the parameter 8, as follows:

wp = wy =1,

up =1,
Uy = —1,
Then we obtain
f(T~90) = /)(T) +ﬂ(_175)
= 2exp(—27). (19)

In this case, f(-;8,) is minimal, yet the Fisher information matrix is singular at 8,. To prove
that the network is minimal, suppose f(-;8,) is written by a network with 1 hidden unit, that
is, f(z;6,) = ap(az + b) + B. Then we have a(az + b + exp{—(az + b)?}) + = 2exp(—=?).
Considering the limit for z — oc, we know wa = 0. If @ = 0, then 8 = 2exp(—z?), and if
a = 0, then a(b+ exp(—b?)) = exp(—=?). Since both cases never happen, we conclude f(-;8,)
is minimal. Next, we have

Of(il', 90) _ 9. a2
Tﬁ = 1-2zexp(—=z*),
of (x; 00) _ 2
07@ = 14 2zexp(—z?),
om0 _ 20)
on
Hence ) ) .

Of (w:8,)  Of(:0,) ,0f(w:0,) _ (21)

G s a1 '

This implies that the Fisher information matrix is singular.

4 MATHEMATICAL PROOFS

In this section we will give a complete proof of the main theorem. The main idea of our proof
is to consider the analytic continuation of the linear combination of hidden unit functions. Tt
has much analytic information in its singularities.
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Since f and g are both irreducible, the mapping ¢ is necessarily injective. This contradicts the
assumption H' < H and completes the proof. Q.E.D.

Irreducibility is defined by excepting three simple situations under which a network can be
made smaller. The above theorem asserts that no other situations can reduce the number of
hidden units without changing the input-output map. The concept of irreducibility thus gives
us an important viewpoint for analyzing redundancy of network parameters.

3 MAIN THEOREM

The main result of this paper is as follows:

Theorem 1 Assume that the input density q is positive and continuous. Then the Fisher
information matriz of a three-layer perceptron network is positive definite if and only if the
network is trreducible.

Combining this theorem with Sussmann’s result, we have

Corollary 1 Assume that the input density q is positive and continuous. Then the Fisher
information of a three-layer perceptron network is positive definite if and only if the network is
manimal.

Statistical theories assuming the regularity of an information matrix are sometimes applied
improperly to multilayer perceptron networks, which can have a singular information matrix.
The above theorem suggests a practical method of avoiding this: if one finds the Fisher infor-
mation matrix singular, one should search for redundant hidden units and remove them until
the network becomes irreducible.

In this paper, we discuss networks with the identity output-unit activation function. How-
ever, the result for these networks can be easily extended to networks with the sigmoidal
output-unit activation function. To see this, let f(-;8) be a multi-layer perceptron network,

and define g(+; 8) by

g'(x:0) ;= o(f(:0))., (1<i< M) (14)
Then we have ( ) y )
g (x; 0 ' of*(z; 0
—_ = a;0)) ————. 15
s =o' (7o) 2L (15)
Because o’(t) is positive, it is easy to obtain that Bgi are linearly independent if and only if

gg are linearly independent. Since lemma 1 and 2 hold also for g(+; #), the Fisher information

matrix of g(+; 0) is regular if and only if that of f(-; @) is regular. Thus we can concentrate our
discussion on networks with the identity output-unit activation function.

It is a very interesting problem to elucidate the regularity conditions for general feed-forward
networks. Intuitively, it seems natural that if a network is minimal, the information matrix of
the network is regular. As the following example shows, however, for some activation functions
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2.3 Functionally Equivalent Networks

Sussmann (1992) shows a condition that ensures two three-layer perceptron networks have the
same input-output map, using the concept of minimality and irreducibility. This idea is relevant
to our main theorem. We state a slight extension of his theorem here.

Theorem [Sussmann] A three-layer perceptron network is irreducible if and only if it is minimal.

In the case of a network with one-dimensional output and tanh as the activation function,
the theorem was proved by Sussmann (1992, Corollary). Using Sussmann’s result, we can easily
prove the above theorem in the general case.

[Proof] First, note that o(t) = (1 4 tanh(¢/2))/2. We define a map from the parameter space
of three-layer perceptron networks to that of tanh networks by

1
Wij 511;,;]', n; — 5(77, +wi +win + ..+ wim),

1 1
’ltjk = iuj;“ <J — §<J (10)

This gives one-to-one correspondence of two kinds of networks that preserves irreducibility and
minimality. It is clear that Sussmann’s result holds also for three-layer perceptron networks
with a one-dimensional output unit and the sigmoidal hidden-unit activation function.

The proof that a minimal network is irreducible goes in exactly the same way as the one-
dimensional case in Sussmann (1992), so we omit it. Let F;y:={j |1 <j < H, wy; # 0}. For
each ¢ we define a three-layer perceptron network f[,,;](-; 0) by

Fiy(®:0p) = > wijo(u; - @+ ) +mi, (11)
JEF

where ;) = {(wsj i, uin, () | 7 € F[i]}. This is the ¢ th underlying subnetwork with a single
output unit and #Fj; hidden units.

Suppose f(-;0) is not minimal, then there exists a network g(-;w) with H' hidden units
(H' < H) such that f(2;0) = g(z;w) for all ® € X. We can assume g is irreducible by
eliminating redundant hidden units if necessary. We set

HI
gpi (z; w) = Z aip o(bp @+ Br) + vi. (12)

h=1

We define G :={h | 1 < h < H', a;, # 0} and the underlying subnetworks gp;(z; wpg) in
the same way as fj;. Note that all the underlying subnetworks are irreducible if the original
network is irreducible.

We have ff;) = gp;7, then by the sigmoidal version of Sussmann’s result on single output nets
(Sussmann, 1992, Theorem 1), there exists a one-to-one correspondence, c; : Fij — Gy, such
that (uj, () = £(be,(j), Be,(jy)- If j is contained in different Fp; and Fjy, the corresponding

hidden units ¢;(j) and ¢;(j) must be identical since the original network g is irreducible.
Therefore, the following function is well defined.

c:{l,....,H} —{1,...,H'},
c(j) =ci(j) if j € Fy. (13)
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We assume that Gaussian noise is added to the output. It is well known (Watanabe &
Fukumizu, 1995) that the maximum likelihood estimator under the Gaussian noise assumption
is equal to the least-squares estimator. Therefore, the above definition of the probability density
is natural when we consider feed-forward neural networks from the statistical viewpoint.

We show simple lemmas to characterize the regularity of a Fisher information matrix.

Lemma 1 Let g be a probability density function on X, and V be a M x M positive definite
symmetric matriz. Let f(+;0) be a feed-forward network with an activation function of class
C'. Then I(8), the Fisher information matriz of the network f(; 6) with respect to q and V,
18 given by

I (0) = / Iy (x5 8)q(z)de, (6)
Jx
where -
ad, oty
[Proof] Integrating on y, we easily obtain the above formula. Q.E.D.

Lemma 2 Let f(+;0) be a feed-forward network with an activation function of class Ct. Let q
be a probability density function on X, and V be a M x M positive definite symmetric matrix.
If q is continuous and g(x) > 0 for all x € X, then 1(8), the Fisher information matriz of
the network f(+;0) w.r.t. ¢ and V, is strictly positive definite if and only if the vector valued

functions % (1<a< H(M+41)+4 L(H 4+ 1)) are linearly independent over R.

[Proof] It suffices to show that I(8) is not positive definite if and only if the derivatives are
linearly dependent. The matrix I(8) is not positive definite if and only if there exists a non-zero

vector (v%) that satisfies
Z Z 17“Iab(0)1rb = 0. (8)
a b

Using lemma 1, the left hand side of eq.(8) is calculated as

S Loy = [ (2 3’”;;"") (2 bafaj,")q@)dw. g
a b JX a

a

By the assumption that ¢ is continuous and positive and that V is positive definite, we easily
conclude that I(8) is singular if and only if the derivatives are linearly dependent. Q.E.D.

Remark: From this lemma, we know that regularity of the information matrix does not depend
on a choice of V and ¢ if ¢ is continuous and positive. Hereafter, we assume ¢ is always positive
and continuous, and we omit V and ¢ when we discuss the regularity.

Although multilayer perceptron networks have been analyzed from the statistical viewpoint
(White, 1989; Watanabe & Fukumizu 1994), the regularity conditions of the Fisher information
matrix have not been clarified yet. We will present a useful condition in the next section.
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Definition 2 Let f(-;0) be a three-layer feed-forward network with H hidden units. We call
f(;8) minimal if no networks with fewer hidden units have the same input-output map as
f(:; 8); that is, if for any network g(+; w) with H' hidden units (H' < H) and the same activation
function there exists © € X such that f(x;0) # g(x; w).

In this paper, o(t) denotes the sigmoidal function defined by

1

)= —
o(t) 14+et

(3)
We define a three-layer perceptron network as a three-layer feed-forward network with the acti-
vation function o. We consider only networks with the identity output-unit activation function.
However, our main theorem is applicable to networks with the sigmoidal output-unit activation
function, as we explain later.

We slightly extend Sussmann’s definition of irreducibility. Sussmann (1992) discussed net-
works with a single output unit. We define irreducibility for a multilayer perceptron network
with multiple output units.

Definition 3 A three-layer perceptron network with H hidden units is said to be irreducible if
it satisfies the following three conditions:

(1) u; #0, for 1< j < H.

(2) (wnj, ... 7'(UM_,-)T £07, for1<Yj < H.

(3) For any two different indices j1 and ja, (u;, T, () # £(wi, T, ¢,).

2.2 Fisher Information Matrix

Next we discuss the Fisher information matrix of a neural network.

Definition 4 Let © be a domain in R5. Let {p(2;0) | z € R", 6 € O} be a family of
probability density functions of class C* on 8. Then, the matrix

, " Ologp(z;0) dlogp(z; 0
Iab(o):/n ga];(, ) gapei ) p(2:0)ds, (1< a,b< S) (4)

s called the Fisher information matriz ot @ € ©.

A symmetric 7 X n matrix A = (a,;) is called semi-positive definite if T Az > 0 for all =
€ R, and called (strictly) positive definite if *T Az > 0 for any non-zero vector . A Fisher
information matrix is necessarily semi-positive definite but is not always positive definite. If
the Fisher information matrix I(8g) at the true parameter @y is positive definite, it essentially
determines the asymptotic behavior of the maximum likelihood estimator @N, where N is the
number of data. Asymptotic theory shows that the limiting distribution of \/W(éN —8y) is
the multivariate normal distribution with a covariance matrix I(89)~!. Therefore, it is very

important to elucidate the regularity conditions of Fisher information matrixes.

Definition 5 Let f(-;0) be a feed-forward network. Let q be a probability density function on
X, and V be a M x M positive definite symmetric matriz. The Fisher information matriz of
the network f(-,0) with respect to q and V is defined by the Fisher information matriz of the
family of densities {p(x,y; 0)} at 6, where

s y26) = st o0l (0 = F@ 0TV Ny~ @ O)a(e). (5)
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matrix of the parametrized distribution essentially determines the asymptotic behavior of the
estimator (Cramér, 1946). This matrix works as a Riemannian metric in information geometry
(Amari, 1985) and plays an essential part in the derivation of Akaike’s Information Criterion
(AIC, Akaike, 1974). A Fisher information matrix is necessarily semi-positive definite by defi-
nition, but is not always regular or positive definite. Many of the statistical techniques based
on the asymptotic theory, however, require the matrix to be positive definite. In many linear
problems, such as polynomial approximation, the Fisher information matrixes are always posi-
tive definite under general conditions. In multilayer perceptron networks, however, the Fisher
information matrix can be singular, and therefore, AIC cannot always be applied properly
(Hagiwara et al. 1993). Thus it is essential to elucidate the conditions in which a multilayer
perceptron network has a positive definite Fisher information matrix.

Several investigators have recently studied equi-output conditions for multilayer perceptron
networks (Sussmann, 1992; Chen et al., 1993; Kiirkova, 1994) and their results give hints about
how to analyze the regularity conditions of a Fisher information matrix. Sussmann (1992)
introduces the concept of minimality and irreducibility, and clarifies the condition in which two
three-layer perceptron networks have the same input-output map. He calls a network “minimal”
if its input-output map cannot be obtained from another network with fewer hidden units. On
the other hand, “reducibility” is defined by listing three very simple situations under which a
network could be made smaller, and calling a network “irreducible” if none of these situations
occurs. Sussmann proves that irreducibility is equivalent to minimality, giving us an insight
into the effectiveness of network parameters.

Our main result is a theorem asserting that the Fisher information matrix of a three-layer
perceptron network is positive definite if and only if the network is irreducible; that is, if it
is minimal. From this theorem we know that a network with a singular Fisher information
matrix can be reduced to one with a positive definite Fisher Information matrix by removing
redundant hidden units. We prove the theorem in a rigorously mathematical way with the help
of some fundamental propositions in complex analysis.

This paper is organized as follows. Section 2 introduces the required definitions and simple
lemmas, Section 3 presents our main theorem and explains its meaning, and Section 4 mathe-
matically proves the main theorem. Section 5 concludes with a brief summary, a statement of
the significance of this work, and an indication of related problems that remain to be studied.

2 DEFINITIONS AND PRELIMINARIES

2.1 Definition of Neural Networks

Let X =RY and Y = RM. Let © =10 = (w11, .., WMHE, T, MM
Uity e e s UHL,Clye o CH) € RM(H+1)+H(L+1)}. In the following discussion, we write

uj = (’11,_/,‘1,’11,',,‘2,...,’U,J'L)T. (1)

Definition 1 Let X, Y, and © be as above. Let p be a function on R. A three-layer feed-
forward network with H hidden units and the activation function p is a parametrized function

f(:0): X =Y, (0 €0) defined by

H L
fi@:0) =) wijp (Z wjrTy + q) +mi, (1< < M). (2)
j=1 k=

=1

We define a minimal network, following Sussmann (1992), as:
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matrix of a three-layer perceptron network is positive definite if and only if the network is
irreducible; that is, if there is no hidden unit that makes no contribution to the output and
there is no pair of hidden units that could be collapsed to a single unit without altering the
input-output map. This implies that a network that has a singular Fisher information matrix
can be reduced to a network with a positive definite Fisher information matrix by eliminating
redundant hidden units.

Keywords — Multilayer perceptron, Parametric estimation, Information matrix, Irreducibility,
Minimality, Sigmoidal function.

1 INTRODUCTION

Feed-forward neural networks, described as a family of parametrized functions { f(=; 8)}, have
been applied in a variety of areas and have recently been extensively analyzed theoretically.
As Watanabe and Fukumizu (1995) show, it is useful to describe neural networks as a para-
metric family of probability density functions. From the statistical viewpoint, the least squares
learning in a network can be considered as nonlinear regression which approximates E[y|x], the
conditional expectation of the output y given an input @ (White, 1989; Watanabe & Fukumizu,
1995). The least squares estimator of 8 is equal to the maximum likelihood estimator, which
has been extensively analyzed in statistics. White (1989) reviews learning in neural networks in
detail from the statistical viewpoint and provides useful insights into network learning methods.
The statistical approach to analyzing neural networks is thus clearly an effective one.

Of the many feed-forward models, the multilayer perceptron model (Rumelhart et al., 1986)
is one that has shown considerable utility in many applications. From the theoretical viewpoint,
it has been proved (Cybenco, 1989; Funahashi, 1989; Hornik et al., 1989) that a three-layer
perceptron network can approximate an arbitrary continuous function on a compact set with
any desired accuracy if an infinite number of hidden units are available. Tt has also been proved
that three-layer perceptron networks are better approximators than many other conventional
models, such as polynomials, in that we need fewer parameters to approximate an arbitrary
function in a certain class (Barron, 1993). These theoretical results show the feasibility of
multilayer perceptron networks.

In this paper, we discuss the Fisher information matrix of a multilayer perceptron network.
In parametric estimation like the learning in feed-forward networks, the Fisher information



