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ABSTRACT. This paper characterizes the asymptotic behaviour of the likelihood ratio test
statistic (LRTS) for testing homogeneity (i.e. no mixture) against gamma mixture alternatives.
Under the null hypothesis, the LRTS is shown to be asymptotically equivalent to the square of
Davies’s Gaussian process test statistic and diverges at a log log n rate to infinity in probability.
Based on the asymptotic analysis, we propose and demonstrate a computationally efficient method
to simulate the null distributions of the LRTS for small to moderate sample sizes.
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1. Introduction

Gamma distributions are frequently used in reliability theory to model hazard rates. When
there are multiple hazard factors, it is natural to consider gamma mixture models (Seal, 1969;
Nelson, 1982). For instance, Slud (1997) proposed a two-component exponential mixture
model (1 — p)lge ¥ + pie™™ (49 < A) to test imperfect debugging in software reliability. A
question of interest is to determine whether the observations have the single gamma
distribution Jge~%* or a mixture distribution, i.e. to test the hypothesis:

Ho : Jgpe ™ against H, : (1 —p)),oe’)‘ox + ple™, A>ly, 0<p<I1, (1)

where 49 > 0 is known, 4 and p are unknown parameters. The standard practice for such a test
is to employ the likelihood ratio test (LRT). In general regular cases, the likelihood ratio test
statistic (LRTS) has an asymptotic chi-square type null distribution. However, because of loss
of identifiability of the null distribution, the homogeneity test in mixture models is one of the
nonregular cases and the classical asymptotics theory does not apply. By loss of identifiability
of the null distribution, we mean that parameters representing the null distribution are not
unique. For example, the null distribution in (1) corresponds to the parameter set
{A=20,p€[0,1]} U{p=0,2> A}. Under loss of identifiability of the null hypothesis, the
asymptotic behaviour of the LRTS is difficult to characterize. Moreover, when the range of
some parameters is unbounded, e.g. (19,00) for A in (1), the LRTS may diverge to infinity
instead of converging to any finite limiting distribution. In fact, Hartigan (1985) discovered the
divergence of the LRTS for testing homogeneity in normal mean mixture models with an
unbounded mean parameter. It is not hard to see that Hartigan’s observation may also be true
for gamma mixture models. This divergence of the LRTS causes major difficulties both in
analysing the LRT and in obtaining stable simulation results for the null distributions of the
LRTS (Lindsay, 1995).
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Because of the undetermined asymptotic behaviour of the LRTS for testing homogeneity in
mixture models, the Gaussian process test (GPT) introduced by Davies (1977) is sometimes
recommended as an alternative method to the LRT (Cheng & Traylor, 1995). The GPT is
generally applicable for testing hypotheses where nuisance parameters appear only under the
alternative hypothesis. Suppose {f (-, ¢,&); (¢, &) € ®} is a family of densities which are
assumed known except for parameters (¢, &), and f(-, ¢, &) = f(-, ¢, &) for any &, and &, iff
¢ = ¢y. Then in the hypothesis testing problem

Ho: f(x, o, &) against Hi: f(x,¢,8), (4,6 €0,

the Gaussian process test statistic (GPTS) can be written as M, = SUP(4.6)co S (o, &), where,
Su(bo, €) = 0 and for ¢ # ¢,
1 - )(i- ) )(h -1
50,0 = L3 SO0 id) 1
=B (X .0/ (X, o) — 1)

(2)

In equation (2), the expectation ‘E’ is taken under the true distribution. As discussed in Cheng
& Traylor (1995), the GPT is easier to conduct than the LRT. Titterington et al. (1985) also
considered the GPT for (1), but the null distribution of the GPTS was not discussed.
Characterizing the asymptotic behaviour of the GPTS has been an open problem.

In this paper, we characterize the asymptotic behaviour of the LRTS and GPTS for testing
homogeneity against the two-component gamma mixture alternative, i.e.,

Hy: 9o ()C) againSt Hy: pg;_(X) + (1 _p)g).o(x)v > /10: 0< p < 17 (3)

where g;(x) = ([(x)) ' 2x*'e™ is the gamma density with a known shape parameter . g is
known, 1 and p are unknown. In section 2, we present our main results of asymptotic
distributions of the LRTS and GPTS. First, we derive the asymptotic behaviour of the GPTS
under Hy:

Jlim P{M? — loglogn + log(167%/x) < x} = exp(—e */?). (4)
Then we show that under the null hypothesis, the LRTS 2A, and M? are asymptotically
equivalent, i.e. 2A, = M? + op(1). Consequently, (4) yields the asymptotic distribution of the
LRTS by replacing M? with 2A,,. Thus, the LRTS diverges to infinity at a loglog n rate, which
is also the rate conjectured by Hartigan (1985) for the normal mean mixture models. Proofs of
results in section 2 can be found in the appendix.

In section 3, we discuss an important issue in practice: how to simulate the null distribution
of the LRTS for a given sample size. When sample sizes are small, the simulations can be done
easily using the Monte Carlo method. However, as sample size increases, the computation
involved in simulation becomes very intensive. One might expect that the results obtained in
section 2 can be used directly to simulate the null distributions of the LRTS for reasonably
large sample sizes. Unfortunately, according to our simulations, 2A, — loglogn + log(16n% /x)
is still far from converging to its asymptotic extreme distribution for sample size as large as
5000. On the other hand, some results in section 2 suggest that 2A, can be approximated by
the square of the supremum of some Gaussian process indexed by a restricted parameter set.
This approximation works quite well according to our simulation study in section 3. Since the
supremum of a Gaussian process with known covariance matrix is relatively easy to simulate,
this method greatly reduces the amount of computation required for simulating the null
distribution of the LRTS.
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2. Asymptotic distributions of the GPTS and LRTS

This section considers asymptotic distributions of the GPTS and LRTS for the
homogeneity test in the gamma mixture model (3). First, we prove our main result
regarding the asymptotic distribution of M, in theorem 1. To do so, we establish the
asymptotic equivalence of the GPT with the supremum of a stochastic process. We show
that this stochastic process is stationary, then derive the asymptotic distribution of the
GPTS using results from Leadbetter er al. (1983). Next, in theorem 2, we prove the
asymptotic equivalence of the LRTS with the GPTS and obtain the asymptotic distribution
of LRTS by theorem 1. In the rest of this section, we give a brief outline of proofs of
theorems 1 and 2. Technical details of proofs of the lemmas and theorems can be found in
the appendix.

We list some frequently used notations for ease of reference. Without loss of generality, we
assume A9 =1 and write g(x) for g;(x). Denote the mixture density by g(x,p,1) =
pgi(x) + (1 — p)g(x) and by G(x) the CDF of g(x). Let Xi,...,X, be i.i.d. random samples
from G(x) and Xi,,...,X,, be their order statistics. Then {U; = G(X;) : | <i < n} are i.i.d.
uniform random variables. We denote by F; () their empirical CDF. Define x V y = max(x, y),
log n S loglogn and log; n 2 logloglogn for large enough n. Let

Y(x,2) 2 (22— D) (e )% and  Z(x, 1) 2 (24— 1)2e0D),

2.1. Asymptotics for the Gaussian process test

According to Davies (1977), the GPTS for (3) is M, 2 sup;>; S,(4), where:

b Ly~ 000X 1 LSy

VIS B gty -1 VIS
_ / Y, Dd(FAG()) — G(x)
0

Sn(4)

RV /Ox Z(x,2)d(F,(G(x)) — G(x))

In a suitable probability space, the uniform empirical process {o, (1) = n'/?(F,(u) — u),
0 <u < 1} can be approximated by a Brownian bridge {B,(u) = W, (1) — W,(1)u,0 <u < 1},
where {W,(u),0 <u < 1} is a standard Brownian motion (Csorgd ef al., 1986). Then, S,(1)
can be expressed as

Su(2) = / " 2(e. 1 (W(G) ~ W(1G) + [1,(G(x)) — B(Gx)])
= Hy(2) = W,(1)(V22= 1/2)" + Ry(2), (5)
where

A

Hy () 2 /O Y 26 Am(GR), Re() 2 /0 " 200, 7) dan(G(x)) — Ba(G(x))).

Among the three parts in (5) making up S, (1), H, is the most important part in determining
the asymptotic distribution of the GPTS. After the transformation, A =exp(s)+ 1/2,
H,(exp(s) + 1/2) becomes a stationary Gaussian process. Then results on stationary Gaussian
process obtained by Leadbetter er al. (1983) allow us to derive the limiting distribution of
SUpg<s<7 Hy(exp(s) + 1/2). That is the following lemma.
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Lemma 1
{H,(exp(s) +1/2),0 < s < oo} is a stationary Gaussian process, and

TlglolC P{AT Ls:slgTH,, (exp(s) + 1/2) — Ar| + log(4n/\/x) < x} = exp(—e™), (6)
where Ar = (log T)"/?.

The asymptotic equivalence of the supremum of H, and M, can be established if the
remaining two parts in (5) have a smaller order than the supremum of H,. We prove this by
considering them in the three intervals of i*: [1,logn], [logn,n(logn)™*], [n(logn)~*, cc). That
is the following lemma.

Lemma 2
In a suitable probability space,
sup 54(2) V0 = Op((log3 n)'"?),

7€[1,log n]Un(log n) ~*,00)

sup [Su(A) = Ha(2)] = Op((logm) ™).
2 ellognn(logn) ™
By lemma 1, it is easy to show that SUP ¢ log mn(log n) ] H,(2) diverges to infinity at the
log, n 12 rate. Then, lemma 2 yields that with probability going to one
)
M, = sup  S,(4) = sup  H,(4) + Op((logn)™").

2 ellognn(logn)™] 2 ellognn(logn)™]

The asymptotic distribution of M, can be directly derived using lemma 1. We summarize our
results so far in the following theorem:

Theorem 1
Under the null hypothesis of homogeneity, the GPTS M, = sup;>, S,(4) V 0 for (3) satisfies

Jlim P{1 [log ) n(M,, —/logp, n) + log(4n//x) < x} = exp(—e™).

Moreover, the asymptotic distribution of M, can be also expressed as

lim P{Mf —logpyn+ log(167%/x) < x} = exp(—e™/?).

n—oo

2.2. Asymptotics for the likelihood ratio test

In the following, we consider the LRT for (3) and prove that the LRTS has the same
asymptotic distribution as that of M,f. The LRTS is 2A, =2 SUP)<p<1,1</ < 00 Ln (p, 4), where

La(p,2) = 3 log[1 + p(I(X, ) — 1] = 3 logll + D(p, )Y (X, 2)],
i=1 i=1

and the likelihood ratio function is /(x, 2) 2g;(x)/g(x) = A*e=*=D_ D(p, 2) £ p(i/V/2i = 1)*.

We first show that, to derive the limiting distribution of the LRTS, it suffices to maximize
L,(p,4) for 2 € [2*,k/X,,] for some constants 2* > 1. Given 1* > 1, by Liu & Shao (2002,
theorem 3.1), when 1 <A< 1%, the maximum of the log-likelihood function converges
to the supremum of the square of some centered Gaussian process. Consequently,
Sup i ) pefo,1] La(ps 4) V 0 = Op(1). The partial derivative of the log-likelihood function with
respect to 4 is
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i K — X A) A e Xil=D)

— 1+ p( A"e*)” D—1)"

When 4 > «/X, ,, (OL,/02)(p, 4) < 0 and L,(p, 1) is a decreasing function in 4. Since the LRTS
diverges to infinity in probability, it suffices to maximize L,(p, Z) for 1 € [1", /X1 ,].

Next, we approximate the log-likelihood function by the Taylor expansion and prove the
asymptotic equivalence between the LRTS and GPTS. The following lemmas are useful.
Define P,Y2(2) £ n~' 0, Y2(X;, 4), 1, = [logn,n(logn) ™ and I,(i*) £ [(")",logn] U
[n(logn)™, (/X1 ,)"] for 2* > 1.

Lemma 3
There exist constants 2* > 1 such that, sup ¢y oy, (7.1, (p2)>0 P2 = Op(1).

Lemma 4
There exist constants .* > 1 such that  sup  1/P,Y*(2) = Op(1). Moreover, when J* € I,
P,Y*() = 1+ Op((logn) ™). PehUL ()

For ¢y > 1, we have the inequality, log(1 +x) < x—x?/(4cy), for —1 < x < ¢g. Note that
p(l(x,A) — 1) = D(p, 1)Y(x,2) < pi*. In the inequality above, let ¢g = pA”*

Lu(p, ) < \/nD(p, 2)Su(2) — nD?(p, 1)P,Y* (1) /(4p2"). (™)
Choose A" such that lemmas 3 and 4 hold. Equation (7) yields

sup  Ly(p, ) V0 < sup p;,’f(s,,(z) Vv 0)2/P,Y*())

AEen(47).pe0,1] AEED (A7) Ln(p:2)>
< sup piX sup (S,(A)V0) - sup 1/P,Y*(A)
FEL(A).Lu(p2)>0 Pen, (1) en, (1)

= Op((log(3) }’l) 1/2).

Because the LRTS diverges to infinity at the log,) n rate, it suffices to maximize L, (p, /) for
J¥ e, For the right-hand side of (7) to be positive, we have D(p,.) < dn~'/?
pikS,(2)/P,Y2(2). Then lemma 3 and 4 yield

sup  D(p,)) = O(n~'?) sup  pA*-sup S,(4) - sup 1/P,Y*(2)
el L, (p,A)>0 el L, (p,A)>0 el, el

= Op(n™"(log n'?).
Note that |Y(x, 2)| = O(1)2/> = O(n'/*(logn) %) for J* € I,. Therefore,

sup  D(p,2)Y(x,2) = Op((logn)™"),
Il Ly(p,2)>0

and the positive part of the log-likelihood function has the Taylor expansion for A* € I,
2L,(p,2) V 0 = [2¢/nD(p, )S,(2) — nD*(p, 2)P,Y*(2)] V 0 + op(1). (8)
Maximizing the right-hand side of (8) by D(p, 4) yields
2A, = sup(S,(2) V 0)* /P, Y2 (3) + op(1) = sup( L(2) V 0)* 4 0p(1).

el el,

By lemmas | and 2, the supremum of S,(1) is positive and attained in the interval I,.
Therefore, we prove 2A,, = Mf + op(1). By theorem 1, we have the following theorem for the
asymptotic distribution of the LRTS.

© Board of the Foundation of the Scandinavian Journal of Statistics 2003.
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Theorem 2
The LRTS and the GPTS for (3) satisfy 2A, = M? + op(1) and
lim P{ZA,, —lognyn+ log(167° /) < x} = exp(—e™?).

n—o0

3. Simulating the null distribution of the LRTS

From a practitioner’s point of view, one can decide whether to reject or accept the null
hypothesis in the hypothesis testing problem (3) provided that the null distribution of the
LRTS is available for a given sample size n. When 7 is small, the null distribution of 2A, can
be easily simulated using the Monte Carlo method. However, there are difficulties in this
approach as sample size increases because of the extensive computation required for large
sample sizes. As suggested by theorem 2, another way of simulation is to approximate
the distribution of 2A, — loglogn + log(16n%/x) by the extreme distribution for large n.
Unfortunately, our simulation results indicate that this direct approximation is quite poor
even for a sample size as large as 5000.

In this section, we describe an approach to simulate the null distribution of the LRTS 2A,
for large values of n. The basic idea of this approach is to approximate the distribution of 2A,
by that of the square of the supremum of some Gaussian process. By Liu & Shao (2002), the
restricted LRTS, supyc,<i<i<r 2La(p, %), converges in distribution to suplgg(Wi\/O)z,
where {W;,1 < A < T} is a centred Gaussian process with the covariance kernel

. V22— 127, — T\" S
E(W/]WAZ):<ﬁ> , 1<A, LT

The same Gaussian process is also the limit of the restricted GPTS {S,(1),1 <1< T} asn
tends to infinity. An important property of the Gaussian process W, as shown in lemma 1 is
that after the reparameterization W, = Wexp(,)H /2> Wi becomes a stationary Gaussian process
with covariance kernel:

exp((t —1)/2) +exp(( — fl)/z)) -
5 .

E0n 1) = (

We approximate the supremum of the stationary Gaussian process {#;,0 < ¢t < T'} using the
maximum of a discrete Gaussian process {Wy,,i=0,1,...,m}. The discrete Gaussian
process can be simulated using a Choleski decomposition of the covariance matrix and
multiplying the result with an (m + 1)-dimensional standard normal random variable. These
steps can be efficiently implemented in a MATLAB program for m as large as 2000. Moreover,
as confirmed by our simulations, the discrete Gaussian process with m = 1100 approximates
well {W,,0<¢<T} when T <11.

We have conducted Monte Carlo simulations for the LRTS for (3) with o = 1 for many
sample sizes n ranging from 100 to 5000. We also simulated supy.,.7(W, v 0)* for various
values of 7 using the discrete process with m = 1100. The empirical CDFs of 2A, and
supg<,<r (W, VO)2 for every n and T are obtained from 5000 independent replicates. On a
Pentium IIT 660 PC with 128 MHz RAM, the computational time for simulating the LRTS
ranges from 2 h for n = 100 to 100 h for » = 5000. It takes only 15 min to simulate the GPTS,
however.

For each given n, we found T, the value of 7 minimizing the Kolmogorov—Smirnov distance
between the empirical CDF of 2A,, and supy,<7 (W, V 0)%. We also found 7;,, which minimizes
the distance between their upper tail over the 95th percentile. There is no significant difference
between these two values. We use the distance of the upper tail distribution because it is the area
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Table 1. Comparison of percentiles of the LRTS, SGP and fitted SGP
LRTS SGP Fitted SGP
Sample A
sizen T, T, 95% 97.5% 99% 95% 97.5% 99% 95% 97.5%  99%

100 6.96 6.96 527  6.37 8.06 524 6.49 827 524 6.49 8.27
250 7.63 7.64 541 6.60 8.07 542 6.64 8.49 542 6.66 8.51
500 7.75 8.20 539 6.70 8.65 544 6.67 8.61 554 6.76 8.68
750 8.71 8.52 555  6.90 897 565 6.89 8.69 5.61 6.83 8.69
1000 8.98 8.75 5.62  7.04 877 568 696 8.69  5.66 6.89 8.69
1500 9.25 9.06 5.67 7.02 9.03 571 697 871  5.68 6.96 8.69
2000 9.08 9.30 573 17.00 8.44 568 6.96 8.69 571 6.97 8.71
3000 9.77 9.61 578 1.11 9.16 582 7.06 874 5.79 7.05 8.73
4000  10.25 9.85 575 1733 9.10 590 7.12 899 585 7.07 8.84
5000 9.50 10.02 5.66  7.08 933 577 7.00 8.73 5.86 7.07 8.86

of main interest in hypothesis testing problems. The largest value of the Kolmogorov—Smirnov
distance between the upper tails of the two distributions is 1.98 per cent.

From the proof of theorem 2, the supremum of the log-likelihood function is achieved when
A € [logn,n(log n)74]. It suggests that, if the distribution of supg,7 (W V 0)* is close to that
of the LRTS, T, should be at the order of logn. In fact, the plot of 7, against logn indicates a
very strong linear pattern with an R-square value 0.91. Thus, for any reasonably large sample
size n, our recommended value of 7}, is given by the regression equation: 7, = 3.27 + 0.8 log .

Table 1 presents the 95, 97.5 and 99 per cent percentiles of the LRTS 2A,, the simulated
Gaussian process (SGP), supy<,r, (W V 0)%, and the fitted SGP, SUPy<s<t, (Wi V 0)>.

Comparing the CDFs of the LRTS, we observe an overall increase of values of quantiles
with sample sizes as excepted. Because the variances of quantiles of the LRTS and SGP
increase as the corresponding percentage increases, the quantiles of both Gaussian processes,
supg<,<r, (W V 0)* and SUPg<;<t, (Wi V 0)%, fit that of the LRTS best for 95 per cent percentile
and worst for 99 per cent_p_ercentile. The residual plot of the regression model (17) also
confirms that the regression error increases as the sample size increases.
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Appendix

Assume that Uy, ..., U, are i.i.d. uniformly distributed random variables. Denote its empirical
CDF by F,(u) =n~'3"  1j,4(U;) (0<u<1). A useful strong approximation result for
the uniform empirical process o,(u) = n'/>(F,(u) —u) is the following proposition from
Csorgo et al. (1986).

Proposition 1 (Csorgo et al., 1986, theorem 2.1)
On a suitable probability space we have

o (1) — By (u)
(u(1 =)™

su v

c¢/n<u<l—c/n

=0p(l), asn— oo, 9)

where {B,(u);0 < u < 1} is a Brownian bridge, 0 < v < 1/2 and 0 < ¢ < oc.
Denote by Uj,,...,U,, the order statistic of Uj,...,U,. Both nU;, and n(1 —U,,)
converges in distribution to standard exponential random variables. Then (9) yields,

o, (u) — By (u)
(u(l —u)'™

v = 0p(1). (10)

Ui n<u<Uy,

The law of the iterated logarithm for Brownian bridge implies that (see also Csorgo et al.,
1986),

sup  (u(l —u)”"B,(u) = Op((logy m)'"?). (11)

Ui p<u<Upn

Equations (10) and (11) yield

sup  (u(1 — )Pl (u)| = Op((logpy m)'?). (12)

Uin<u<Uyn

The Hungarian construction (Komlos ef al., 1975) implies that on a suitable probability space,
we have

sup |2, () — B,(u)| = Op(n~"* log ), (13)

0<u<l

In our proof, the Brownian bridge {B,(u);0 <u <1} is constructed on some suitable
probability space such that equations (10)—(13) are all satisfied. We assume that B, has the

© Board of the Foundation of the Scandinavian Journal of Statistics 2003.



Scand J Statist 30 LRT for gamma mixture models 235

decomposition {B,(u) = W,(u) — W,(1)u,0 < u < 1}, where {W,(u),0 <u < 1} is a standard
Brownian motion.

Proof of lemma 1. Since [ Z*(x, 1) dG(x) = 1, we have EH2(2) = 1. Denote by p(-,-) the
covariance kernel of H,(e* + 1/2), i.e. p(s1,s2) = EH,(e" + 1/2)H,(e*> 4+ 1/2). Then,

o(s1,82) = /000 Z(x,e" +1/2)Z(x,e" +1/2) dG(x)

= [1 4 1 <e(51732)/4 e *Sz)/4> 2] -
2
=1—k(s; —52)°/8 4 o((s1 — 52)*).
It yields that H, (e’ + 1/2) is a stationary Gaussian process. Theorem 8.2.7 in Leadbetter et al.

(1983) yields lemma 1.

Proof of Lemma 2. We prove the lemma by considering each of following intervals of A":

[1,logn], [logn, n(logn)™ ], [n(logn)™ n], [n,o0).

Case (1) When 2° € [logn,n(log n)74}. Since W, (1) is a standard normal random variable,
W,(1)(v2A—1/2)" = Op((logn)~"/?). Note that Z(x, 2) is a monotone function of x. R, (%)
can be bounded using Hungarian construction (13) as follows:

Ru(2) = O(1) sup o(G(x)) — Ba(G(x))| sup Z(x,2)
= Op(n~"?logn)2** = Op(n~"*(logn) ™). (14)

Then (5) yields SUP e - 1S, (7)) — Hy(2)| = OP((logn)’l/z)_

logn.n(logn

Case (2) When 2" € [1,logn|, similar to the proof of the first case, we can show
SUPee(i togn) [Sn(4) — Ha(2)| = Op(1). In lemma 1, let 7 = log[(logn)'* = 1/2] — log(1/2).
Then T = 0(11(2%(2) n) and Sup;c jog ) Ha(4) = Op((log(s) n)'"?). Thus, sup se(i joga Sn(2) V 0 =
Op((loggz) n) )

Case (3) When 2* € [n(logn)~*, ), we first estimate the order of R, (4).

o0

Ry(7) = / 0 (G(x)) — Bu(G(x))] d(~Z(x, 1)) + / [0 (G(x)) — Ba(G(x))] d(~Z(x, 7))

Xin X
Xin

Xin
+ [ AE(GR) — G d(—2(x, 7)) + / Ba(Gx)) dZ(x, 7).
0 0
We denote the four parts above by A;, A, A; and Ay, respectively. In (10), let v =1/4. We
have uniformly for X; , < x <X, in probability
| (G(x)) — B, (G(x))| = Op(n™/*)[G(x) (1 — G(x))]*.

Note that G(x) = O(1)x*. We can then bound A as follows:

o
|Al| _ 0p(}'l71/4) / xk‘/4/«bl+x/2€7x(/fl)dx — OP(n71/4)/«LK/4 — OP(I)

Xin

When x > X, ,, e*"D > n* with probability going to one for any given k > 0. Then (13)
directly yields Ay = op(1).
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When 0 < x < X;,, we have F,(x) =0 and —Z(x, 1) is an increasing function of x. Thus,
A3 < 0.
Last, when 0 < x < X;,,, we have B,(G(x)) = 0p(1)G'/2(X,,)) = Op(1)X;*. Thus,

1n
Xin i
|As| = Op(1) / X[ gy = 0p(n' X[ = 0p(1).
o :
Therefore, we prove R,(A)V0=0p(l). Lemma 1 yields SUD ¢ (log n) 1] H,(A) =
Op((logs) n)l/z). Finally, we obtain

sup  Su(4) VO = Op((log, n)l/z).
iKe[n(lngn)74,n]

Case (4) When 2 > n, G(x) = O(x*) and d(—Z(x, 7)) /dx = O(1)A17*/?¢=x(=1)  Straight-
forward calculation shows

Su(2) = n'/? /: Z(x, Dd[F,(G(x)) = G()]
_ /OOC[Fn(G(x)) — G(x)]d(—Z(x,2))

— Op(nl/Z)/ Al+1c/2xxe—x(}.—1)dx — Op(l).
0

This completes the proof of lemma 2.

Proof of theorem 1. In lemma 1, let T, = log[n'/*(logn)~*/* — 1] — log[(log n)'/* — 1. Then,
Az, = (logiyn)'? + O((logn)~'72).
We have

lim P{Mf —logyn + log(167% /x) < x}

n—0oo

2

= lim P { sup H,(s)| —logo)n+2log(4n/vk) < x

e 0<s<T,

n—eo 0<s<T, 0<s<T,

lim P{ { sup H,(s) + Az, +2log(4n/\/x) + op(1) §x}

[ sup H,(s) — Ar,

= lim P{ZAT” { sup H,(s) — Az,

oo 0<s<T,

+ 2log(4n/v/k) + op(1) < x}

= lim P{AT" [ sup H,(s) — Az, | + log(4n//x) gx/2}
0

n—o00 <s<T,

= exp(—e?).

Proof of lemma 3. To make notations simple, we define #(p,4) = pA* and xo(p, 1) =
log(p2*)/(A —1). When no confusion might occur, we simply write #(p, 1) and xo(p, ¢) as ¢ and
X, respectively. Without loss of generality, we assume ¢ > 2 (otherwise, we already have
t = Op(1)). Note that pl/(x, 1) = e~ =)= "When x < x,,

1+ p(I(x,2) — 1) < 1+ @001 < pe=lemx)(i=1) (15)
Applying the inequalities log(1 +x) < x (x > —1) and (15) to L,(p, A), we have
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0 Lo(p, ) = ( [+ / ) log(1 + p(I(X;, 2) — 1)) dE(G(x))
< /oc(e*(x—xo)(i*l) —p)dF,(G(x)) + /X [log2 + (xo — x)(A — 1)] dF,(G(x)).

(16)
Note that F,(G(x)) = Op(1)G(x), we have

e = ) d(G0) = —p+ (= DRG0 + [ A(GE) (e )

< —p+0p(1) /OC G(x) d(—e 2001y

X0

= —p+0p(1) (G(xo) + / :C e’<x"‘°)“’l>dG(x))

= —p+ 0p(1)[G(x0) + p(1 — G(/xp))].

Note that (xg —x)(4— 1) <logs for x < xo. The second integral in (16) can be bounded by
Op(1)G(xp) logt:

nLy(p, ) < —p+ Op(1)[p(1 — G(/x0)) + G(xo) log .

Since  G(x)=0p(1)x* and A "=p/t, we have G(xo) = Op(l)[logt/(2—1)]" =
Op(1)p(logt)*/t. Note that Axg > logt, we have 1 — G(Axp) < 1 — G(log¢). Therefore,

n'L(p,2) < p{—1+ 0p(1)[1 — G(logt) + (logt)*/1]}. (17)
The right-hand side of (17) is decreasing in ¢ when ¢ is large and it tends to the negative value
—p as t — oo. Therefore, when L,(p, 4) > 0, t = Op(1).

Proof of lemma 4. First, we bound the integral [ G(x)d(—Y?(x,4)). Note that,

d(=Y*(x,2)) = —(A— 1)(22 — 1)?e=Vy(x, 2) dx

Let ¥ = klogA/(/. — 1). Then Y(%,2) = 0. d(—Y?(x, A))/dx is positive, when x < ¥; negative,
when x > %. We can bound |d(—Y?(x, 4))/dx| and G(x) as follows according to x < ¥ or x > X:

LK =2(d—1)x x* ifx<x
|d(—Y*(x, 1)) /dx| = {gg%jef(;ﬁl)x G(x) = {883, 7 llt;xifc’

Then, for 0 <a < b < oo, we have

b =~ . ~
et = [ ol = {9 )Gﬁi’,;” ) ifb <X,

(1) , ifa>x

where G(x) is the CDF of a gamma density: G = [T Y ytle vy,
Using integration by parts, we can write P, Y’ 2(/1) as,

2”—ioozx .Oozx/l x)) — G(x
PnYu)f/O Y2(x, 7)dG(x) + / Y2 (x, ) d(F,(G(x)) — G(x))

Xin
\/—/}L w </ / ) /X F,(G(x)) — G(x)] d(—Yz(x, )
T 4 A+ A N

Assuming that A" is sufficiently large, we bound As and Ag in the following two intervals
of A*.
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Case (1) When e [(A*),n(logn)"*]. Obviously X, <%<JX,, Since G(x)=
Op(1)x**!, we have

|As| = Op(1)[1(0, X7 ,) + I(Xyn,00)] = Op(1)[G((4 — 1)X1,,) + e~ =1 Xua]
= 0p(1)(2X1,)"™" + Op((logn)™") = Op((logn)™").

Equation (12) implies |o,(G(x))| = Op((log) n)l/z)(G(x))l/2 = Op((logy n)l/z)x"/2 uniformly
for X;, <x <X,,. Note that, for x > 0,

ld(=Y2(x, 1)) Jdx| = Op(1)(A\+Fe=20=1x 4 jp=(=1x).

Then Ag can be bounded as follows:

‘Aﬁ‘ _ Op(n_'/z(log(z) n)l/Z)/O XK/Z()VI+K€_2(;L_1)X + ;ve—(/l—l)x)dx

= Op(n""(logy n)'?) 7" = Op((logn) ™).

It is then clear that, when A° € [logn,n(logn)™*], P,Y*(J) =1+ Op((logn)™'). When
2 € [(4)",logn], in probability going to one P,Y2(1) > [1 — (22" — 1)*/(2*)™]/2.

Case (2) When 2* € [n(logn)™*,k/X,]. The results in Csorgd & Révész (1981) implies
that uniformly for 10/n < G(x) < 1

B.(G(x)) = Op(1)G"*(x)[logy (nG(x))]'* = 0p(1) (nG(x))~*[logy (nG(x))]'*V/nG(x).

Since x~'/2(log, x)l/ 2 can be arbitrarily small as x tends to infinity, there exists a sequence
{ti, >10,n=1,2,...} such that ¢, , = Op(1) and when nG(x) > #| », |B,(G(x))| < v/nG(x)/4.
In (10), let v = 0, we have |o,(G(x)) — B,(G(x))| = Op(1)G'/*(x) for X, < x < X,,. Similarly,
we can find a sequence {#, >nG(X,),n=1,2,...} such that ©, = Op(l) and when
nG(x) > tay, |oa(G(x)) — B,(G(x))| < /nG(x)/4. Let t3, = max(t4,t2,). Then £, = Op(1)
and when nG(x) > t3,,

IF(G(x)) = G(x)| < 0™ (G(x)) = Bu(G(x))| +n7"2|B,(G(x))] < G(x)/2.

Therefore, G(x)/2 < F,(G(x)) <3G(x)/2 for x>G '(t3,/n). Since nG(%/2) >
(n/7%)(log 2)*'* > 15,,, we have X > 2G~'(13,,/n) and,

2 = ” x)d(=Y?(x
in)—/o F(x)d(~Y*(x, )

1 x/2 3 [
2—/ G(x)d(—Yz(x,)V))——/ G(x)dY*(x, ).

26 a3 /) 2
It is easy to prove that when x <X/2, for some constants c;, G(x)d(—Y?(x,1))/dx >
e A xke20-0x Let 14, = (24 — 1)G ™! (t3,,/n). Then, there exist constants ¢; > 0 such that
"X/2 ) 00
xK}vKJrlef(Z/ﬁl)xdx _ OP(]) / ;Lef(ifl)xdx

X

P,Y*(2) > ¢
( ) > 1'/G’](f3.n//1)
> Cz[G((2/1 - 1)x/2) — G(m?n)] _ OP(I)ef()fl)x

> ool = G(tap)] — 0p(1). (19)
When 0 <x < 1/2, G"'(x) = O(1)x"/*. Since 13, = Op(1), we have 1y, = Op(n~"/*) X[} =
Op(1). Consequently, 1/(1 — G(ts,,)) = Op(1). Then (19) yields P,Y2(1) > c3 (1 — G(ts,))/2
with probability going to one. Let ¢, = min([1 — (24* — 1)*/(2*)*]/2,¢2(1 — G(t4,,))/2). Then
we prove that P,Y*(1) > ¢, with probability going to one. Note that 1/¢y = Op(1). This
completes the proof of lemma 2.
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Proof of theorem 2. We have already shown in section 2 that

sup  D(p,2)Y(x,2) = Op((log n)h.

;.Ke[li;/(f;/ﬁ:;l]/y>*4‘
Applying Taylor expansion log(1+x) =x — (1/2 4+ O(x))x* and lemma 4 to L,(p,A) for
2* € [logn, n(logn) ™| yields

2L, (p, )V 0 = {2ﬁo(p, 2)Su(2) — [1 + Op((logn) YnD*(p, ),)P,,Yz(/l)} Vo

= [2v/nD(p, 2)S,(2) — nD*(p,2)] V 0 + op(1). (20)

Obviously, (20) and the arguments in section 2 yield 2A, < M? + 0p(1). To prove 2A, =
M? +o0p(1), it suffices to show that there exists a point (p/,4') such that
()" € [logn,n(logn)~*] and 2L,(p, ) = M2 + op(1). In fact, let 2’ be the point maximizing
S,(2),i.e. S,(2') = M,, and p' be the solution of the equation D(p', /') = n~'/>M,. By lemma 1,

with probability going to one, (X)* € [logn,n(logn)™. It is clear that 2L,(p,2) =
M? + op(1). Therefore, 2A, = M? + op(1). This completes the proof of theorem 2.
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