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ABSTRACT. This paper characterizes the asymptotic behaviour of the likelihood ratio test

statistic (LRTS) for testing homogeneity (i.e. no mixture) against gamma mixture alternatives.

Under the null hypothesis, the LRTS is shown to be asymptotically equivalent to the square of

Davies’s Gaussian process test statistic and diverges at a log log n rate to infinity in probability.

Based on the asymptotic analysis, we propose and demonstrate a computationally efficient method

to simulate the null distributions of the LRTS for small to moderate sample sizes.
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1. Introduction

Gamma distributions are frequently used in reliability theory to model hazard rates. When

there are multiple hazard factors, it is natural to consider gamma mixture models (Seal, 1969;

Nelson, 1982). For instance, Slud (1997) proposed a two-component exponential mixture

model ð1� pÞk0e�k0x þ pke�kx ðk0 � kÞ to test imperfect debugging in software reliability. A

question of interest is to determine whether the observations have the single gamma

distribution k0e�k0x or a mixture distribution, i.e. to test the hypothesis:

H0 : k0e�k0x against H1 : ð1� pÞk0e�k0x þ pke�kx; k > k0; 0 < p � 1; ð1Þ

where k0 > 0 is known, k and p are unknown parameters. The standard practice for such a test
is to employ the likelihood ratio test (LRT). In general regular cases, the likelihood ratio test

statistic (LRTS) has an asymptotic chi-square type null distribution. However, because of loss

of identifiability of the null distribution, the homogeneity test in mixture models is one of the

nonregular cases and the classical asymptotics theory does not apply. By loss of identifiability

of the null distribution, we mean that parameters representing the null distribution are not

unique. For example, the null distribution in (1) corresponds to the parameter set

fk ¼ k0; p 2 ½0; 1
g [ fp ¼ 0; k > k0g. Under loss of identifiability of the null hypothesis, the

asymptotic behaviour of the LRTS is difficult to characterize. Moreover, when the range of

some parameters is unbounded, e.g. ðk0;1Þ for k in (1), the LRTS may diverge to infinity

instead of converging to any finite limiting distribution. In fact, Hartigan (1985) discovered the

divergence of the LRTS for testing homogeneity in normal mean mixture models with an

unbounded mean parameter. It is not hard to see that Hartigan’s observation may also be true

for gamma mixture models. This divergence of the LRTS causes major difficulties both in

analysing the LRT and in obtaining stable simulation results for the null distributions of the

LRTS (Lindsay, 1995).
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Because of the undetermined asymptotic behaviour of the LRTS for testing homogeneity in

mixture models, the Gaussian process test (GPT) introduced by Davies (1977) is sometimes

recommended as an alternative method to the LRT (Cheng & Traylor, 1995). The GPT is

generally applicable for testing hypotheses where nuisance parameters appear only under the

alternative hypothesis. Suppose ff ð�;/; nÞ; ð/; nÞ 2 Hg is a family of densities which are

assumed known except for parameters ð/; nÞ, and f ð�;/; n1Þ ¼ f ð�;/; n2Þ for any n1 and n2 iff
/ ¼ /0. Then in the hypothesis testing problem

H0: f ðx;/0; nÞ against H1: f ðx;/; nÞ; ð/; nÞ 2 H;

the Gaussian process test statistic (GPTS) can be written as Mn ¼ supð/;nÞ2H Snð/; nÞ, where,
Snð/0; nÞ ¼ 0 and for / 6¼ /0,

Snð/; nÞ ¼
1ffiffiffi
n

p
Xn
i¼1

f ðXi;/; nÞ=f ðXi;/0Þ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E½f ðXi;/; nÞ=f ðXi;/0Þ � 1
2

q : ð2Þ

In equation (2), the expectation ‘E’ is taken under the true distribution. As discussed in Cheng

& Traylor (1995), the GPT is easier to conduct than the LRT. Titterington et al. (1985) also

considered the GPT for (1), but the null distribution of the GPTS was not discussed.

Characterizing the asymptotic behaviour of the GPTS has been an open problem.

In this paper, we characterize the asymptotic behaviour of the LRTS and GPTS for testing

homogeneity against the two-component gamma mixture alternative, i.e.,

H0: gk0ðxÞ against H1: pgkðxÞ þ ð1� pÞgk0 ðxÞ; k > k0; 0 < p � 1; ð3Þ

where gkðxÞ ¼ ðCðjÞÞ�1kjxj�1e�xk is the gamma density with a known shape parameter j. k0 is
known, k and p are unknown. In section 2, we present our main results of asymptotic

distributions of the LRTS and GPTS. First, we derive the asymptotic behaviour of the GPTS

under H0:

lim
n!1

P M2
n � log log nþ logð16p2=jÞ � x

� �
¼ expð�e�x=2Þ: ð4Þ

Then we show that under the null hypothesis, the LRTS 2Kn and M2
n are asymptotically

equivalent, i.e. 2Kn ¼ M2
n þ oP ð1Þ: Consequently, (4) yields the asymptotic distribution of the

LRTS by replacing M2
n with 2Kn. Thus, the LRTS diverges to infinity at a log log n rate, which

is also the rate conjectured by Hartigan (1985) for the normal mean mixture models. Proofs of

results in section 2 can be found in the appendix.

In section 3, we discuss an important issue in practice: how to simulate the null distribution

of the LRTS for a given sample size. When sample sizes are small, the simulations can be done

easily using the Monte Carlo method. However, as sample size increases, the computation

involved in simulation becomes very intensive. One might expect that the results obtained in

section 2 can be used directly to simulate the null distributions of the LRTS for reasonably

large sample sizes. Unfortunately, according to our simulations, 2Kn � log log nþ logð16p2=jÞ
is still far from converging to its asymptotic extreme distribution for sample size as large as

5000. On the other hand, some results in section 2 suggest that 2Kn can be approximated by

the square of the supremum of some Gaussian process indexed by a restricted parameter set.

This approximation works quite well according to our simulation study in section 3. Since the

supremum of a Gaussian process with known covariance matrix is relatively easy to simulate,

this method greatly reduces the amount of computation required for simulating the null

distribution of the LRTS.

228 X. Liu et al. Scand J Statist 30

� Board of the Foundation of the Scandinavian Journal of Statistics 2003.



2. Asymptotic distributions of the GPTS and LRTS

This section considers asymptotic distributions of the GPTS and LRTS for the

homogeneity test in the gamma mixture model (3). First, we prove our main result

regarding the asymptotic distribution of Mn in theorem 1. To do so, we establish the

asymptotic equivalence of the GPT with the supremum of a stochastic process. We show

that this stochastic process is stationary, then derive the asymptotic distribution of the

GPTS using results from Leadbetter et al. (1983). Next, in theorem 2, we prove the

asymptotic equivalence of the LRTS with the GPTS and obtain the asymptotic distribution

of LRTS by theorem 1. In the rest of this section, we give a brief outline of proofs of

theorems 1 and 2. Technical details of proofs of the lemmas and theorems can be found in

the appendix.

We list some frequently used notations for ease of reference. Without loss of generality, we

assume k0 ¼ 1 and write gðxÞ for g1ðxÞ. Denote the mixture density by gðx; p; kÞ ¼4

pgkðxÞ þ ð1� pÞgðxÞ and by GðxÞ the CDF of gðxÞ. Let X1; . . . ;Xn be i.i.d. random samples

from GðxÞ and X1;n; . . . ;Xn;n be their order statistics. Then fUi ¼ GðXiÞ : 1 � i � ng are i.i.d.

uniform random variables. We denote by FnðuÞ their empirical CDF. Define x _ y � maxðx; yÞ,
logð2Þ n ¼4 log log n and logð3Þ n ¼4 log log log n for large enough n. Let

Y ðx; kÞ ¼4 ð2k � 1Þj=2ðe�xðk�1Þ � k�jÞ and Zðx; kÞ ¼4 ð2k � 1Þj=2e�xðk�1Þ:

2.1. Asymptotics for the Gaussian process test

According to Davies (1977), the GPTS for (3) is Mn ¼4 supk�1 SnðkÞ, where:

SnðkÞ ¼4
1ffiffiffi
n

p
Xn
i¼1

gkðXiÞ=gðXiÞ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EðgkðXiÞ=gðXiÞ � 1Þ2

q ¼ 1ffiffiffi
n

p
Xn
i¼1
Y ðXi; kÞ

¼ n1=2
Z 1

0

Y ðx; kÞd FnðGðxÞÞ � GðxÞð Þ

¼ n1=2
Z 1

0

Zðx; kÞd FnðGðxÞÞ � GðxÞð Þ

In a suitable probability space, the uniform empirical process fanðuÞ ¼ n1=2ðFnðuÞ � uÞ;
0 � u � 1g can be approximated by a Brownian bridge fBnðuÞ ¼ WnðuÞ � Wnð1Þu; 0 � u � 1g,
where fWnðuÞ; 0 � u � 1g is a standard Brownian motion (Cs€oorgõ et al., 1986). Then, SnðkÞ
can be expressed as

SnðkÞ ¼
Z 1

0

Zðx; kÞd
�
WnðGðxÞÞ � Wnð1ÞGðxÞ þ ½anðGðxÞÞ � BnðGðxÞÞ


�
¼ HnðkÞ � Wnð1Þð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k � 1

p
=kÞj þ RnðkÞ; ð5Þ

where

HnðkÞ ¼4
Z 1

0

Zðx; kÞdWnðGðxÞÞ; RnðkÞ ¼4
Z 1

0

Zðx; kÞ d½anðGðxÞÞ � BnðGðxÞÞ
:

Among the three parts in (5) making up SnðkÞ, Hn is the most important part in determining

the asymptotic distribution of the GPTS. After the transformation, k ¼ expðsÞ þ 1=2,

HnðexpðsÞ þ 1=2Þ becomes a stationary Gaussian process. Then results on stationary Gaussian
process obtained by Leadbetter et al. (1983) allow us to derive the limiting distribution of

sup0�s�T HnðexpðsÞ þ 1=2Þ. That is the following lemma.
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Lemma 1

fHnðexpðsÞ þ 1=2Þ; 0 � s � 1g is a stationary Gaussian process, and

lim
T!1

P AT sup
0�s�T

HnðexpðsÞ þ 1=2Þ � AT
	 


þ logð4p=
ffiffiffi
j

p
Þ � x

� �
¼ expð�e�xÞ; ð6Þ

where AT ¼ ðlog T Þ1=2.
The asymptotic equivalence of the supremum of Hn and Mn can be established if the

remaining two parts in (5) have a smaller order than the supremum of Hn. We prove this by

considering them in the three intervals of kj: ½1; log n
; ½log n; nðlog nÞ�4
; ½nðlog nÞ�4;1Þ: That
is the following lemma.

Lemma 2

In a suitable probability space,

sup
kj2½1;log n
[½nðlog nÞ�4;1Þ

SnðkÞ _ 0 ¼ OP ððlogð3Þ nÞ1=2Þ;

sup
kj2½log n;nðlog nÞ�4 


jSnðkÞ � HnðkÞj ¼ OP ððlog nÞ�1Þ:

By lemma 1, it is easy to show that supkj2½log n;nðlog nÞ�4
 HnðkÞ diverges to infinity at the

ðlogð2Þ nÞ1=2 rate. Then, lemma 2 yields that with probability going to one

Mn ¼ sup
kj2½log n;nðlog nÞ�4


SnðkÞ ¼ sup
kj2½log n;nðlog nÞ�4


HnðkÞ þ OP ððlog nÞ�1Þ:

The asymptotic distribution of Mn can be directly derived using lemma 1. We summarize our

results so far in the following theorem:

Theorem 1

Under the null hypothesis of homogeneity, the GPTS Mn ¼ supk�1 SnðkÞ _ 0 for (3) satisfies

lim
n!1

P
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

logð2Þ n
q

Mn �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logð2Þ n

q� �
þ logð4p=

ffiffiffi
j

p
Þ � x

o
¼ expð�e�xÞ:

Moreover, the asymptotic distribution of Mn can be also expressed as

lim
n!1

P M2
n � logð2Þ nþ logð16p2=jÞ � x

n o
¼ expð�e�x=2Þ:

2.2. Asymptotics for the likelihood ratio test

In the following, we consider the LRT for (3) and prove that the LRTS has the same

asymptotic distribution as that of M2
n . The LRTS is 2Kn ¼ 2 sup0�p�1;1�k <1 Lnðp; kÞ, where

Lnðp; kÞ ¼
Xn
i¼1

log½1þ pðlðXi; kÞ � 1Þ
 ¼
Xn
i¼1

log½1þ Dðp; kÞY ðXi; kÞ
;

and the likelihood ratio function is lðx; kÞ ¼4gkðxÞ=gðxÞ ¼ kje�xðk�1Þ, Dðp; kÞ ¼4 pðk=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k � 1

p
Þj:

We first show that, to derive the limiting distribution of the LRTS, it suffices to maximize

Lnðp; kÞ for k 2 ½k�; j=X1;n
 for some constants k� > 1. Given k� > 1, by Liu & Shao (2002,

theorem 3.1), when 1 � k � k�, the maximum of the log-likelihood function converges

to the supremum of the square of some centered Gaussian process. Consequently,

supk2½1;k�
;p2½0;1
 Lnðp; kÞ _ 0 ¼ OP ð1Þ: The partial derivative of the log-likelihood function with

respect to k is
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@Ln
@k

ðp; kÞ ¼
Xn
i¼1

ðj � XikÞkj�1e�Xiðk�1Þ

1þ pðkje�Xiðk�1Þ � 1Þ :

When k > j=X1;n; ð@Ln=@kÞðp; kÞ < 0 and Lnðp; kÞ is a decreasing function in k. Since the LRTS
diverges to infinity in probability, it suffices to maximize Lnðp; kÞ for k 2 ½k�; j=X1;n
.
Next, we approximate the log-likelihood function by the Taylor expansion and prove the

asymptotic equivalence between the LRTS and GPTS. The following lemmas are useful.

Define PnY 2ðkÞ ¼4 n�1
Pn

i¼1 Y
2ðXi; kÞ, In ¼4 ½log n; nðlog nÞ�4
 and Inðk�Þ ¼4 ½ðk�Þj; log n
 [

½nðlog nÞ�4; ðj=X1;nÞj
 for k� � 1.

Lemma 3

There exist constants k� � 1 such that, supkj2In[Inðk�Þ;Lnðp;kÞ>0 pk
j ¼ OP ð1Þ:

Lemma 4

There exist constants k� � 1 such that sup
kj2In[Inðk�Þ

1=PnY 2ðkÞ ¼ OP ð1Þ: Moreover, when kj 2 In,
PnY 2ðkÞ ¼ 1þ OP ððlog nÞ�1=2Þ:
For c0 > 1, we have the inequality, logð1þ xÞ � x� x2=ð4c0Þ; for �1 < x � c0: Note that

pðlðx; kÞ � 1Þ ¼ Dðp; kÞY ðx; kÞ � pkj. In the inequality above, let c0 ¼ pkj

Lnðp; kÞ �
ffiffiffi
n

p
Dðp; kÞSnðkÞ � nD2ðp; kÞPnY 2ðkÞ=ð4pkjÞ: ð7Þ

Choose k� such that lemmas 3 and 4 hold. Equation (7) yields

sup
kj2Inðk�Þ;p2½0;1


Lnðp; kÞ _ 0 � sup
kj2Inðk�Þ;Lnðp;kÞ>0

pkkðSnðkÞ _ 0Þ2=PnY 2ðkÞ

� sup
kj2Inðk�Þ;Lnðp;kÞ>0

pkk � sup
kj2Inðk�Þ

ðSnðkÞ _ 0Þ2 � sup
kj2Inðk�Þ

1=PnY 2ðkÞ

¼ OP ððlogð3Þ nÞ1=2Þ:

Because the LRTS diverges to infinity at the logð2Þ n rate, it suffices to maximize Lnðp; kÞ for
kj 2 In. For the right-hand side of (7) to be positive, we have Dðp; kÞ � 4n�1=2

pkkSnðkÞ=PnY 2ðkÞ. Then lemma 3 and 4 yield

sup
kj2In ;Lnðp;kÞ>0

Dðp; kÞ ¼ Oðn�1=2Þ sup
kj2In;Lnðp;kÞ>0

pkj � sup
kj2In

SnðkÞ � sup
kj2In

1=PnY 2ðkÞ

¼ OP ðn�1=2ðlogð2Þ nÞ1=2Þ:

Note that jY ðx; kÞj ¼ Oð1Þkj=2 ¼ Oðn1=2ðlog nÞ�2Þ for kj 2 In. Therefore,

sup
kj2In ;Lnðp;kÞ>0

Dðp; kÞY ðx; kÞ ¼ OP ððlog nÞ�1Þ;

and the positive part of the log-likelihood function has the Taylor expansion for kj 2 In

2Lnðp; kÞ _ 0 ¼ 2
ffiffiffi
n

p
Dðp; kÞSnðkÞ � nD2ðp; kÞPnY 2ðkÞ

� �
_ 0þ oP ð1Þ: ð8Þ

Maximizing the right-hand side of (8) by Dðp; kÞ yields

2Kn ¼ sup
kj2In

ðSnðkÞ _ 0Þ2=PnY 2ðkÞ þ oP ð1Þ ¼ sup
kj2In

ðSnðkÞ _ 0Þ2 þ oP ð1Þ:

By lemmas 1 and 2, the supremum of SnðkÞ is positive and attained in the interval In.
Therefore, we prove 2Kn ¼ M2

n þ oP ð1Þ. By theorem 1, we have the following theorem for the

asymptotic distribution of the LRTS.
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Theorem 2

The LRTS and the GPTS for (3) satisfy 2Kn ¼ M2
n þ oP ð1Þ and

lim
n!1

P 2Kn � logð2Þ nþ logð16p2=jÞ � x
n o

¼ expð�e�x=2Þ:

3. Simulating the null distribution of the LRTS

From a practitioner’s point of view, one can decide whether to reject or accept the null

hypothesis in the hypothesis testing problem (3) provided that the null distribution of the

LRTS is available for a given sample size n. When n is small, the null distribution of 2Kn can

be easily simulated using the Monte Carlo method. However, there are difficulties in this

approach as sample size increases because of the extensive computation required for large

sample sizes. As suggested by theorem 2, another way of simulation is to approximate

the distribution of 2Kn � log log nþ logð16p2=jÞ by the extreme distribution for large n.
Unfortunately, our simulation results indicate that this direct approximation is quite poor

even for a sample size as large as 5000.

In this section, we describe an approach to simulate the null distribution of the LRTS 2Kn

for large values of n. The basic idea of this approach is to approximate the distribution of 2Kn

by that of the square of the supremum of some Gaussian process. By Liu & Shao (2002), the

restricted LRTS, sup0�p�1;1�k�T 2Lnðp; kÞ, converges in distribution to sup1�k�T ð ~WWk _ 0Þ2,
where f ~WWk; 1 � k � Tg is a centred Gaussian process with the covariance kernel

Eð ~WWk1
~WWk2Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k1 � 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k2 � 1

p

k1 þ k2 � 1

� �j

; 1 � k1; k2 � T :

The same Gaussian process is also the limit of the restricted GPTS fSnðkÞ; 1 � k � Tg as n
tends to infinity. An important property of the Gaussian process ~WWk as shown in lemma 1 is

that after the reparameterization Wt ¼4 ~WWexpðtÞþ1=2, Wt becomes a stationary Gaussian process

with covariance kernel:

EðWt1Wt2Þ ¼
expððt1 � t2Þ=2Þ þ expððt2 � t1Þ=2Þ

2

� ��j

:

We approximate the supremum of the stationary Gaussian process fWt; 0 � t � Tg using the

maximum of a discrete Gaussian process fWTi=m; i ¼ 0; 1; . . . ;mg. The discrete Gaussian

process can be simulated using a Choleski decomposition of the covariance matrix and

multiplying the result with an ðmþ 1Þ-dimensional standard normal random variable. These

steps can be efficiently implemented in a MATLAB program for m as large as 2000. Moreover,

as confirmed by our simulations, the discrete Gaussian process with m ¼ 1100 approximates

well fWt; 0 � t � Tg when T � 11.

We have conducted Monte Carlo simulations for the LRTS for (3) with k0 ¼ 1 for many

sample sizes n ranging from 100 to 5000. We also simulated sup0�t�T ðWt _ 0Þ2 for various

values of T using the discrete process with m ¼ 1100. The empirical CDFs of 2Kn and

sup0�t�T ðWt _ 0Þ2 for every n and T are obtained from 5000 independent replicates. On a

Pentium III 660 PC with 128 MHz RAM, the computational time for simulating the LRTS

ranges from 2 h for n ¼ 100 to 100 h for n ¼ 5000. It takes only 15 min to simulate the GPTS,

however.

For each given n, we found Tn, the value of T minimizing the Kolmogorov–Smirnov distance

between the empirical CDF of 2Kn and sup0�t�T ðWt _ 0Þ2. We also found Tn, which minimizes

the distance between their upper tail over the 95th percentile. There is no significant difference

between these two values. We use the distance of the upper tail distribution because it is the area
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of main interest in hypothesis testing problems. The largest value of the Kolmogorov–Smirnov

distance between the upper tails of the two distributions is 1.98 per cent.

From the proof of theorem 2, the supremum of the log-likelihood function is achieved when

k 2 ½log n; nðlog nÞ�4
. It suggests that, if the distribution of sup0�t�TnðWt _ 0Þ2 is close to that

of the LRTS, Tn should be at the order of log n. In fact, the plot of Tn against log n indicates a
very strong linear pattern with an R-square value 0:91. Thus, for any reasonably large sample

size n, our recommended value of Tn is given by the regression equation: T̂Tn ¼ 3:27þ 0:8 log n:
Table 1 presents the 95, 97.5 and 99 per cent percentiles of the LRTS 2Kn, the simulated

Gaussian process (SGP), sup0�t�TnðWt _ 0Þ2, and the fitted SGP, sup0�t�T̂TnðWt _ 0Þ2.
Comparing the CDFs of the LRTS, we observe an overall increase of values of quantiles

with sample sizes as excepted. Because the variances of quantiles of the LRTS and SGP

increase as the corresponding percentage increases, the quantiles of both Gaussian processes,

sup0�t�TnðWt _ 0Þ2 and sup0�t�T̂TnðWt _ 0Þ2, fit that of the LRTS best for 95 per cent percentile

and worst for 99 per cent percentile. The residual plot of the regression model (17) also

confirms that the regression error increases as the sample size increases.
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4000 10.25 9.85 5.75 7.33 9.10 5.90 7.12 8.99 5.85 7.07 8.84

5000 9.50 10.02 5.66 7.08 9.33 5.77 7.00 8.73 5.86 7.07 8.86

Scand J Statist 30 LRT for gamma mixture models 233

� Board of the Foundation of the Scandinavian Journal of Statistics 2003.



Komlos, J., Major, P. & Tusnady, G. (1975). An approximation of partial sums of independent r.v.s and

the sample distribution function. Z. Wahr. verw. Geb. 32, 111–131.

Leadbetter, M. R., Lindgren, G. & Rootzen, H. (1983). Extremes and related properties of random

sequences and processes. Springer, New York.

Lindsay, B. G. (1995).Mixture models: theory, geometry and applications.NSF-CBMS regional conference

series in probability and statistics, Vol. 5. IMS.

Liu, X. & Shao, Y. (in press). Asymptotics for the likelihood ratio test under loss of identifiability.

Ann. Statist.

Nelson, W. (1982). Applied life data analysis. Wiley, New York.

Seal, H. (1969). Stochastic theory of a risk business. Wiley, New York.

Slud, E. (1997). Testing for imperfect debugging in software reliability. Scand. J. Statist. 24, 555–572.

Titterington, D. M., Smith, A. F. M. & Makov, U. E. (1985). Statistical analysis of finite mixture

distributions. Wiley, New York.

Received September 2000, in final form February 2002

Xin Liu, Laboratory of Statistical Genetics, Rockefeller University, 1230 York Avenue, New York,
NY 10021, USA.
E-mail: liuxin@linkage.rockefeller.edu

Appendix

Assume that U1; . . . ;Un are i.i.d. uniformly distributed random variables. Denote its empirical

CDF by FnðuÞ ¼ n�1
Pn

i¼1 1½0;u
ðUiÞ ð0 � u � 1Þ. A useful strong approximation result for

the uniform empirical process anðuÞ ¼ n1=2ðFnðuÞ � uÞ is the following proposition from

Cs€oorg€oo et al. (1986).

Proposition 1 (Cs€oorg€oo et al., 1986, theorem 2.1)

On a suitable probability space we have

sup
c=n�u�1�c=n

nm anðuÞ � BnðuÞ
ðuð1� uÞÞ1=2�m

�����
����� ¼ OP ð1Þ; as n! 1; ð9Þ

where fBnðuÞ; 0 � u � 1g is a Brownian bridge, 0 � m < 1=2 and 0 < c <1.

Denote by U1;n; . . . ;Un;n the order statistic of U1; . . . ;Un. Both nU1;n and nð1� Un;nÞ
converges in distribution to standard exponential random variables. Then (9) yields,

sup
U1;n�u�Un;n

nm anðuÞ � BnðuÞ
ðuð1� uÞÞ1=2�m

�����
����� ¼ OP ð1Þ: ð10Þ

The law of the iterated logarithm for Brownian bridge implies that (see also Cs€oorg€oo et al.,

1986),

sup
U1;n�u�Un;n

ðuð1� uÞÞ�1=2BnðuÞ ¼ OP ððlogð2Þ nÞ1=2Þ: ð11Þ

Equations (10) and (11) yield

sup
U1;n�u�Un;n

ðuð1� uÞÞ�1=2janðuÞj ¼ OP ððlogð2Þ nÞ1=2Þ: ð12Þ

The Hungarian construction (Komlos et al., 1975) implies that on a suitable probability space,

we have

sup
0�u�1

janðuÞ � BnðuÞj ¼ OP ðn�1=2 log nÞ: ð13Þ

In our proof, the Brownian bridge fBnðuÞ; 0 � u � 1g is constructed on some suitable

probability space such that equations (10)–(13) are all satisfied. We assume that Bn has the
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decomposition fBnðuÞ ¼ WnðuÞ � Wnð1Þu; 0 � u � 1g, where fWnðuÞ; 0 � u � 1g is a standard

Brownian motion.

Proof of lemma 1. Since
R1
0 Z2ðx; kÞ dGðxÞ ¼ 1, we have EH2

n ðkÞ ¼ 1. Denote by qð�; �Þ the
covariance kernel of Hnðes þ 1=2Þ, i.e. qðs1; s2Þ ¼ EHnðes1 þ 1=2ÞHnðes2 þ 1=2Þ. Then,

qðs1; s2Þ ¼
Z 1

0

Zðx; es1 þ 1=2ÞZðx; es1 þ 1=2Þ dGðxÞ

¼
h
1þ 1

2

�
eðs1�s2Þ=4 � e�ðs1�s2Þ=4

�2i�j

¼ 1� jðs1 � s2Þ2=8þ oððs1 � s2Þ2Þ:

It yields that Hnðes þ 1=2Þ is a stationary Gaussian process. Theorem 8.2.7 in Leadbetter et al.

(1983) yields lemma 1.

Proof of Lemma 2. We prove the lemma by considering each of following intervals of kj:

½1; log n
; ½log n; nðlog nÞ�4
; ½nðlog nÞ�4; n
; ½n;1Þ:

Case (1) When kj 2 ½log n; nðlog nÞ�4
. Since Wnð1Þ is a standard normal random variable,

Wnð1Þð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k � 1

p
=kÞj ¼ OP ððlog nÞ�1=2Þ. Note that Zðx; kÞ is a monotone function of x. RnðkÞ

can be bounded using Hungarian construction (13) as follows:

RnðkÞ ¼ Oð1Þ sup
x

jaðGðxÞÞ � BnðGðxÞÞj sup
x
Zðx; kÞ

¼ OP ðn�1=2 log nÞkj=2 ¼ OP ðn�1=2ðlog nÞ�1Þ: ð14Þ

Then (5) yields supkj2½log n;nðlog nÞ�4
 jSnðkÞ � HnðkÞj ¼ OP ððlog nÞ�1=2Þ.

Case (2) When kj 2 ½1; log n
, similar to the proof of the first case, we can show

supkj2½1;log n
 jSnðkÞ � HnðkÞj ¼ OP ð1Þ. In lemma 1, let T ¼ log½ðlog nÞ1=j � 1=2
 � logð1=2Þ.
Then T ¼ Oðlogð2Þ nÞ and supkj2½1;log n
 HnðkÞ ¼ OP ððlogð3Þ nÞ1=2Þ. Thus, supkj2½1;log n
 SnðkÞ _ 0 ¼
OP ððlogð3Þ nÞ1=2Þ.

Case (3) When kj 2 ½nðlog nÞ�4; n
, we first estimate the order of RnðkÞ.

RnðkÞ ¼
Z Xn;n

X1;n

½anðGðxÞÞ � BnðGðxÞÞ
 dð�Zðx; kÞÞ þ
Z 1

Xn;n

½anðGðxÞÞ � BnðGðxÞÞ
 dð�Zðx; kÞÞ

þ
Z X1;n

0

ffiffiffi
n

p
½FnðGðxÞÞ � GðxÞ
 dð�Zðx; kÞÞ þ

Z X1;n

0

BnðGðxÞÞ dZðx; kÞ:

We denote the four parts above by D1, D2, D3 and D4, respectively. In (10), let m ¼ 1=4. We

have uniformly for X1;n � x � Xn;n in probability

janðGðxÞÞ � BnðGðxÞÞj ¼ OP ðn�1=4Þ½GðxÞð1� GðxÞÞ
1=4:

Note that GðxÞ ¼ Oð1Þxj. We can then bound D1 as follows:

jD1j ¼ OP ðn�1=4Þ
Z Xn;n

X1;n

xj=4k1þj=2e�xðk�1Þdx ¼ OP ðn�1=4Þkj=4 ¼ OP ð1Þ:

When x � Xn;n, exðk�1Þ > nk with probability going to one for any given k > 0. Then (13)

directly yields D2 ¼ oP ð1Þ.
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When 0 � x < X1;n, we have FnðxÞ ¼ 0 and �Zðx; kÞ is an increasing function of x. Thus,
D3 < 0.

Last, when 0 � x � X1;n, we have BnðGðxÞÞ ¼ OP ð1ÞG1=2ðX1;nÞ ¼ OP ð1ÞX j=2
1;n . Thus,

jD4j ¼ OP ð1Þ
Z X1;n

0

X j=2
1;n k1þj=2e�xðk�1Þdx ¼ OP ðn1=2ÞX j=2

1;n ¼ OP ð1Þ:

Therefore, we prove RnðkÞ _ 0 ¼ OP ð1Þ: Lemma 1 yields supkj2½nðlog nÞ�4;n
 HnðkÞ ¼
OP ððlogð3Þ nÞ1=2Þ: Finally, we obtain

sup
kj2½nðlog nÞ�4 ;n


SnðkÞ _ 0 ¼ OP ððlogð3Þ nÞ1=2Þ:

Case (4) When kj � n, GðxÞ ¼ OðxjÞ and dð�Zðx; kÞÞ=dx ¼ Oð1Þk1þj=2e�xðk�1Þ. Straight-
forward calculation shows

SnðkÞ ¼ n1=2
Z 1

0

Zðx; kÞd½FnðGðxÞÞ � GðxÞ


¼ n1=2
Z 1

0

½FnðGðxÞÞ � GðxÞ
dð�Zðx; kÞÞ

¼ OP ðn1=2Þ
Z 1

0

k1þj=2xje�xðk�1Þdx ¼ OP ð1Þ:

This completes the proof of lemma 2.

Proof of theorem 1. In lemma 1, let Tn ¼ log½n1=jðlog nÞ�4=j � 1
2
 � log½ðlog nÞ1=j � 1

2
. Then,

ATn ¼ ðlogð2Þ nÞ1=2 þ Oððlog nÞ�1=2Þ:

We have

lim
n!1

P M2
n � logð2Þ nþ logð16p2=jÞ � x

n o

¼ lim
n!1

P sup
0�s�Tn

HnðsÞ
" #2

� logð2Þ nþ 2 logð4p=
ffiffiffi
j

p
Þ � x

8<
:

9=
;

¼ lim
n!1

P sup
0�s�Tn

HnðsÞ þ ATn

" #
sup

0�s�Tn
HnðsÞ � ATn

" #
þ 2 logð4p=

ffiffiffi
j

p
Þ þ oP ð1Þ � x

( )

¼ lim
n!1

P 2ATn sup
0�s�Tn

HnðsÞ � ATn

" #
þ 2 logð4p=

ffiffiffi
j

p
Þ þ oP ð1Þ � x

( )

¼ lim
n!1

P ATn sup
0�s�Tn

HnðsÞ � ATn

" #
þ logð4p=

ffiffiffi
j

p
Þ � x=2

( )

¼ expð�e�x=2Þ:

Proof of lemma 3. To make notations simple, we define tðp; kÞ ¼ pkj and x0ðp; kÞ ¼
logðpkjÞ=ðk � 1Þ. When no confusion might occur, we simply write tðp; kÞ and x0ðp; tÞ as t and
x0, respectively. Without loss of generality, we assume t � 2 (otherwise, we already have

t ¼ OP ð1ÞÞ. Note that plðx; kÞ ¼ e�ðx�x0Þðk�1Þ. When x � x0,

1þ pðlðx; kÞ � 1Þ � 1þ e�ðx�x0Þðk�1Þ � 2e�ðx�x0Þðk�1Þ: ð15Þ

Applying the inequalities logð1þ xÞ � x ðx > �1Þ and (15) to Lnðp; kÞ, we have
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n�1Lnðp; kÞ ¼
Z 1

x0

þ
Z x0

0

� �
logð1þ pðlðXi; kÞ � 1ÞÞ dFnðGðxÞÞ

�
Z 1

x0

ðe�ðx�x0Þðk�1Þ � pÞ dFnðGðxÞÞ þ
Z x0

0

½log 2þ ðx0 � xÞðk � 1Þ
 dFnðGðxÞÞ:

ð16Þ

Note that FnðGðxÞÞ ¼ OP ð1ÞGðxÞ, we haveZ 1

x0

ðe�ðx�x0Þðk�1Þ � pÞ dFnðGðxÞÞ ¼ �p þ ðp � 1ÞFnðGðx0ÞÞ þ
Z 1

x0

FnðGðxÞÞ dð�e�ðx�x0Þðk�1ÞÞ

� �p þ OP ð1Þ
Z 1

x0

GðxÞ dð�e�ðx�x0Þðk�1ÞÞ

¼ �p þ OP ð1Þ Gðx0Þ þ
Z 1

x0

e�ðx�x0Þðk�1ÞdGðxÞ
� �

¼ �p þ OP ð1Þ½Gðx0Þ þ pð1� Gðkx0ÞÞ
:

Note that ðx0 � xÞðk � 1Þ � log t for x � x0. The second integral in (16) can be bounded by

OP ð1ÞGðx0Þ log t:

n�1Lnðp; kÞ � �p þ OP ð1Þ½pð1� Gðkx0ÞÞ þ Gðx0Þ log t
:

Since GðxÞ ¼ OP ð1Þxj and k�j ¼ p=t, we have Gðx0Þ ¼ OP ð1Þ½log t=ðk � 1Þ
j ¼
OP ð1Þpðlog tÞj=t. Note that kx0 � log t, we have 1� Gðkx0Þ � 1� Gðlog tÞ. Therefore,

n�1Lnðp; kÞ � p �1þ OP ð1Þ½1� Gðlog tÞ þ ðlog tÞj=t
f g: ð17Þ

The right-hand side of (17) is decreasing in t when t is large and it tends to the negative value

�p as t ! 1. Therefore, when Lnðp; kÞ > 0, t ¼ OP ð1Þ.

Proof of lemma 4. First, we bound the integral
R
GðxÞ dð�Y 2ðx; kÞÞ. Note that,

dð�Y 2ðx; kÞÞ ¼ �ðk � 1Þð2k � 1Þj=2e�xðk�1ÞY ðx; kÞ dx:

Let ~xx ¼ j log k=ðk � 1Þ. Then Y ð~xx; kÞ ¼ 0. dð�Y 2ðx; kÞÞ=dx is positive, when x < ~xx; negative,
when x > ~xx. We can bound jdð�Y 2ðx; kÞÞ=dxj and GðxÞ as follows according to x � ~xx or x > ~xx:

jdð�Y 2ðx; kÞÞ=dxj ¼ Oð1Þk1þje�2ðk�1Þx

Oð1Þke�ðk�1Þx

�
GðxÞ ¼ Oð1Þxj; if x � ~xx;

Oð1Þ; if x > ~xx:

�

Then, for 0 < a < b <1, we have

Iða; bÞ ¼
Z b

a
GðxÞjdð�Y 2ðx; kÞÞj ¼ Oð1Þ~GGð2ðk � 1ÞbÞ; if b � ~xx,

Oð1Þe�ðk�1Þa; if a > ~xx

�

where ~GGðxÞ is the CDF of a gamma density: ~GGðxÞ ¼
R x
0 ðCðj þ 1ÞÞ�1yjþ1e�ydy.

Using integration by parts, we can write PnY 2ðkÞ as,

PnY 2ðkÞ ¼
Z 1

0

Y 2ðx; kÞ dGðxÞ þ
Z 1

0

Y 2ðx; kÞ dðFnðGðxÞÞ � GðxÞÞ

¼ 1� ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k � 1

p
=kÞ2j þ

Z X1;n

0

þ
Z 1

Xn;n

 !
þ
Z Xn;n

X1;n

" #
½FnðGðxÞÞ � GðxÞ
 dð�Y 2ðx; kÞÞ

¼ 1� ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k � 1

p
=kÞ2j þ D5 þ D6: ð18Þ

Assuming that k� is sufficiently large, we bound D5 and D6 in the following two intervals

of kj.
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Case (1) When kj 2 ½ðk�Þj; nðlog nÞ�4
. Obviously X1;n � ~xx � Xn;n. Since ~GGðxÞ ¼
OP ð1Þxjþ1, we have

jD5j ¼ OP ð1Þ½Ið0;X1;nÞ þ IðXn;n;1Þ
 ¼ OP ð1Þ½~GGððk � 1ÞX1;nÞ þ e�ðk�1ÞXn;n 


¼ OP ð1ÞðkX1;nÞjþ1 þ OP ððlog nÞ�1Þ ¼ OP ððlog nÞ�1Þ:

Equation (12) implies janðGðxÞÞj ¼ OP ððlogð2Þ nÞ1=2ÞðGðxÞÞ1=2 ¼ OP ððlogð2Þ nÞ1=2Þxj=2 uniformly
for X1;n � x � Xn;n. Note that, for x � 0,

jdð�Y 2ðx; kÞÞ=dxj ¼ OP ð1Þðk1þje�2ðk�1Þx þ ke�ðk�1ÞxÞ:

Then D6 can be bounded as follows:

jD6j ¼ OP ðn�1=2ðlogð2Þ nÞ1=2Þ
Z 1

0

xj=2ðk1þje�2ðk�1Þx þ ke�ðk�1ÞxÞdx

¼ OP ðn�1=2ðlogð2Þ nÞ1=2Þkj=2 ¼ OP ððlog nÞ�1Þ:

It is then clear that, when kj 2 ½log n; nðlog nÞ�4
, PnY 2ðkÞ ¼ 1þ OP ððlog nÞ�1Þ: When

kj 2 ½ðk�Þj; log n
, in probability going to one PnY 2ðkÞ � ½1� ð2k� � 1Þj=ðk�Þ2j
=2:

Case (2) When kj 2 ½nðlog nÞ�4; j=X1;n
. The results in Cs€oorg€oo & Révész (1981) implies

that uniformly for 10=n � GðxÞ � 1

BnðGðxÞÞ ¼ OP ð1ÞG1=2ðxÞ½log2ðnGðxÞÞ
1=2 ¼ OP ð1ÞðnGðxÞÞ�1=2½log2ðnGðxÞÞ
1=2
ffiffiffi
n

p
GðxÞ:

Since x�1=2ðlog2 xÞ1=2 can be arbitrarily small as x tends to infinity, there exists a sequence

ft1;n > 10; n ¼ 1; 2; . . .g such that t1;n ¼ OP ð1Þ and when nGðxÞ � t1;n, jBnðGðxÞÞj �
ffiffiffi
n

p
GðxÞ=4.

In (10), let m ¼ 0, we have janðGðxÞÞ � BnðGðxÞÞj ¼ OP ð1ÞG1=2ðxÞ for X1;n � x � Xn;n. Similarly,
we can find a sequence ft2;n > nGðX1;nÞ; n ¼ 1; 2; . . .g such that t2;n ¼ OP ð1Þ and when

nGðxÞ � t2;n, janðGðxÞÞ � BnðGðxÞÞj �
ffiffiffi
n

p
GðxÞ=4. Let t3;n ¼ maxðt1;n; t2;nÞ. Then t3;n ¼ OP ð1Þ

and when nGðxÞ � t3;n,

jFnðGðxÞÞ � GðxÞj � n�1=2janðGðxÞÞ � BnðGðxÞÞj þ n�1=2jBnðGðxÞÞj � GðxÞ=2:

Therefore, GðxÞ=2 � FnðGðxÞÞ � 3GðxÞ=2 for x � G�1ðt3;n=nÞ. Since nGð~xx=2Þ >
ðn=kjÞðlog kÞj=2 > t3;n; we have ~xx � 2G�1ðt3;n=nÞ and,

PnY 2ðkÞ ¼
Z 1

0

FnðxÞ dð�Y 2ðx; kÞÞ

� 1

2

Z ~xx=2

G�1ðt3;n=nÞ
GðxÞ dð�Y 2ðx; kÞÞ � 3

2

Z 1

~xx
GðxÞ dY 2ðx; kÞ:

It is easy to prove that when x � ~xx=2, for some constants c1, GðxÞ dð�Y 2ðx; kÞÞ=dx �
c1k

jþ1xje�2ðk�1Þx: Let t4;n ¼ ð2k � 1ÞG�1ðt3;n=nÞ. Then, there exist constants c2 > 0 such that

PnY 2ðkÞ � c1

Z ~xx=2

G�1ðt3;n=kÞ
xjkjþ1e�ð2k�1Þxdx� OP ð1Þ

Z 1

~xx
ke�ðk�1Þxdx

� c2½~GGðð2k � 1Þ~xx=2Þ � ~GGðt4;nÞ
 � OP ð1Þe�ðk�1Þ~xx

� c2½1� ~GGðt4;nÞ
 � oP ð1Þ: ð19Þ

When 0 � x � 1=2, G�1ðxÞ ¼ Oð1Þx1=j. Since t3;n ¼ OP ð1Þ, we have t4;n ¼ OP ðn�1=jÞ X�1
1;n ¼

OP ð1Þ: Consequently, 1=ð1� ~GGðt4;nÞÞ ¼ OP ð1Þ. Then (19) yields PnY 2ðkÞ � c2 ð1� ~GGðt4;nÞÞ=2
with probability going to one. Let cn ¼ minð½1� ð2k� � 1Þj=ðk�Þ2j
=2; c2ð1� ~GGðt4;nÞÞ=2Þ. Then
we prove that PnY 2ðkÞ � cn with probability going to one. Note that 1=cn ¼ OP ð1Þ. This
completes the proof of lemma 2.
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Proof of theorem 2. We have already shown in section 2 that

sup
Lnðp;kÞ>0

kj2½log n;nðlog nÞ�4 


Dðp; kÞY ðx; kÞ ¼ OP ððlog nÞ�1Þ:

Applying Taylor expansion logð1þ xÞ ¼ x� ð1=2þ OðxÞÞx2 and lemma 4 to Lnðp; kÞ for

kj 2 ½log n; nðlog nÞ�4
 yields

2Lnðp; kÞ _ 0 ¼ 2
ffiffiffi
n

p
Dðp; kÞSnðkÞ � ½1þ OP ððlog nÞ�1Þ
nD2ðp; kÞPnY 2ðkÞ

n o
_ 0

¼ 2
ffiffiffi
n

p
Dðp; kÞSnðkÞ � nD2ðp; kÞ

� �
_ 0þ oP ð1Þ: ð20Þ

Obviously, (20) and the arguments in section 2 yield 2Kn � M2
n þ oP ð1Þ. To prove 2Kn ¼

M2
n þ oP ð1Þ, it suffices to show that there exists a point ðp0; k0Þ such that

ðk0Þj 2 ½log n; nðlog nÞ�4
 and 2Lnðp0; k0Þ ¼ M2
n þ oP ð1Þ. In fact, let k0 be the point maximizing

SnðkÞ, i.e. Snðk0Þ ¼ Mn, and p0 be the solution of the equation Dðp0; k0Þ ¼ n�1=2Mn. By lemma 1,

with probability going to one, ðk0Þj 2 ½log n; nðlog nÞ�4
. It is clear that 2Lnðp0; k0Þ ¼
M2
n þ oP ð1Þ. Therefore, 2Kn ¼ M2

n þ oP ð1Þ. This completes the proof of theorem 2.
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