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Abstract

This paper deals with the problem of obtaining methods to compute the
distribution of the maximum of a one-parameter stochastic process on a fixed
interval, mainly in the Gaussian case. The main point is the relationship
between the values of the maximum and crossings of the paths, via the so-
called Rice’s formulae for the factorial moments of crossings.

In certain relevant situations the formulae are adapted to the numerical
computation of the distribution of the maximum and are more efficient than
other numerical methods.
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Short Title: Distribution of the Maximum.

1 Introduction

Let X = {X; :t € IR} be a stochastic process with real values and continuous paths
defined on a probability space (2,3, P) and My := max{X, :t € [0,T]}.
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The computation of the distribution function of the random variable My F(T,u) :=
P(Myp < u),u € IR by means of a closed formula based upon natural parameters
of the process X is known only for a very restricted number of stochastic processes
(and trivial functions of them): the Brownian Motion {W; : ¢ > 0}; the Brownian
Bridge, B, :== W, —tW; (0 <t < 1); B, — fol Bgds (Darling, 1983); the Brownian
Motion with a linear drift (Shepp, 1979); fot Wids + yt (McKean, 1963, Goldman,
1971 Lachal, 1991); the stationary Gaussian processes with covariance equal to:

1. r(t) = e 1 (Ornstein-Uhlenbeck process, DeLong, 1981),
t)

(
2. r(t) = (1 — |t|)", T a positive integer (Slepian process, Slepian 1961, Shepp,
971),

—

3. r(t) even, periodic with with period 2, r(t) = 1—at|for 0 < [t| < 1,0 < a < 2,
(Shepp and Slepian 1976),

Adr(t)=1=[t/1 =BV =L/1 =5, |t| <1=p/8, 0<B<1/2, T=(1-p)/B
(Cressie 1980),

5. r(t) = cost.

Given the interest in F(T,u) for a large diversity of theoretical and technical
purposes an extensive literature has been developed towards:

1. Obtaining inequalities for F/(T,u), : Slepian (1962); Landau & Shepp (1970);
Marcus & Shepp (1972); Fernique (1974); Borell (1975); Talagrand (1996) and
references therein. A general review of classical results is in Adler (1990, 2000).

2. Describing the behaviour of F(T,u) under various asymptotics : Qualls and
Watanabe (1973); Piterbarg (1981, 1996); Leadbetter, Lingren and Rootzén
(1983); Sun (1993); Berman (1985a, b, 1992); Berman & Ko6no (1992) ; Tala-
grand (1988).

3. Studying the regularity of the distribution of My: Ylvisaker (1968); Tsirelson
(1975); Weber (1985); Lifshitz (1995); Diebolt and Posse (1996), Azais and
Wschebor (2000) and references therein.



Generally speaking, even though important results are associated with problems
1) 2) and 3) they only give limited answers to the computation of F/(T,u) for fized
T and u. As a consequence, Monte-Carlo methods based on the simulation of the
paths of the continuous parameter process X are widely used, even though they are
poor for theoretical purposes, expensive from the point of view of the number of
elementary computations needed to assure that the error is below a given bound,
and always depend on the quality of the random number generator being employed.

The approach in this paper is based upon some exact series that express F(T, u)
in terms of the factorial moments of the number of upcrossings. The underlying
ideas have been known since a long time (Miroshin (1974)) especially combinatorial
lemma 3.2 of which we give an independent proof. What is new is that we have
been able to prove the convergence of the series in a general framework, instead of
considering only some particular processes, thus providing a method that can be
widely applied. On the other hand, even though Theorems 3.1 and 3.4 below do not
refer specifically to Gaussian processes, at present we are able to apply them to the
numerical computation of F(T,u) only in Gaussian cases.

We have included a comparison between the complexities of the computations of
F(T,u) using the Rice series versus Monte-Carlo method for the relevant case of a
general class of stationary Gaussian processes. It shows that the use of Rice series is
a priori better. More important, it is self-controlling for the numerical errors. This
implies that the a posteriori number of computations may be much smaller than
the one required by simulation. In fact, in relevant cases, the actual computation
is performed with a few terms in the Rice series. As examples, we have included
tables for F/(T, u) for a number of Gaussian processes. We also pay some attention to
certain problems arising naturally in performing the numerical computation of the
moments of upcrossings that requires the use of some practical tools to be efficient.

We use the same method for stationary Gaussian processes verifying certain reg-
ularity conditions, to obtain upper and lower bounds for F(T,u) that are sharp as
u — +oo but do not improve known results (Piterbarg, 1981). Recent improve-
ments for this asymptotic behaviour (Bardet and Wschebor, 2000) are based on the
study of the density of My ( Azais and Wschebor, 2000).

The Note (Azais & Wschebor 1997) contains a part of the results in the present
paper, without proofs.



Notations

Let f: I — IR be a function defined on the interval I of the real numbers,
Culfi 1) :={t € l: f(t) =u}
Nu(fi 1) := £ (Cu(f3 1))

denote respectively the set of roots of the equation f(¢) = w on the interval I and the
number of these roots, with the convention N,(f; ) = 400 if the set C, is infinite.
Ny(f;I) is called the number of “crossings” of f with the “level” u on the interval
I.

In the same way , if f is a differentiable function the number of “upcrossings”
of f is defined by means of

Uu(f3 1) == 4({t € I : f(t) = u, f'(t) > 0}).

|| fll, denotes the norm of f in LP(I, ), 1 < p < 400, A the Lebesgue measure. The
joint density of the finite set of random variables X;,...X,, at the point (z,...x,)
will be denoted py,. x,(71,...z,) Whenever it exists. ¢(t) := (27) " 2exp(—12/2) is
the density of the standard normal distribution, ®(t) := [* ¢(u)du its distribution
function. |I] is the length of I. z* = sup {z,0}. h

If A is a matrix, AT denotes its transposed, and if A is a square matrix, det(A)
its determinant. Var(§) is the variance matrix of the (finite dimensional) random
vector & and Cov(&,n) the covariance of £ and 7.

For m and k, positive integers, k& < m, define the factorial kth power of m by

m* = m(m —1)..(m -k +1)

For other real values of m and k we put m!* := 0.
If k is an integer k > 1, the “diagonal of I* ” is the set:

Dy(I) := {(t1,....tx) € I*, t; = t,, for some pair (j,h), j # h}.

£ is the m-th derivative of the function f. d;n = 0 or 1 according as j # h or
j=h.

2 Rice formulae
In the this section we review without proofs the formulae for the moments of the

number of crossings of the paths of a stochastic process (the so-called ”Rice formu-
lae”) and some related results.



Let X = {X; : t € IR} be a real valued stochastic process with C! paths. We
set, for (t1,....,tx) € I™\Dy(I) and z; € R (j = 1, ..., k):

k

Avtl,---tk (1, ..7%) = /[R'“ [H |a?"j|]pXt1 e X XL X (1, ., Ty, oy ) dy . .dx),
: i

and

Ik(.’I}], Tk) Z_/ A’z{tl,...tk(mla Tk)df]dfk,

where it is understood that the density in the integrand of the definition of gtl,...tk (1, ...xx)
exists almost everywhere and that the integrals above can take the value +oc.

Proposition 2.1 (Rice formula) Let k be a positive integer, u a real number and
I a bounded interval in the line. With the above notations and conditions, let us

assume that the process X also satisfies the following conditions:
) , , .
1. the density px,, s X Xh e X1, (@1, ..z, oy, .xh) exists for (1, ...tg), (s1,...5¢) €

IM\Dy(I) and is a continuous function of (t1,..ty) and of z1,..x) at the point
(u, ..., u).

2. the function (t1, ..., tg, T, .. T5) —> Zth_,tk(xl, ...xy) 18 continuous for (ty1,...,t;) €
I*\Dy(I) and x, ...z belonging to a neighbourhood of u.

3. (additional technical condition)

k=11 ! [ A ! / /
/IR3 j [* |2y — $3|pXt1,---,th,Xg1,X.QQ,X,ZI (@1, -, 7, @5, ¥)day dwyday — 0

as |sy — t1| — 0, uniformly as (ti,...,t;) varies in a compact subset of I*\Dy(I)
and x4, ...,z vary in o fived neighbourhood of wu.
Then,
E((N,(X, 1)*) = I(u, ..., u) (1)

Both members in (17) may be +o0c.

Remarks (a) For £ =1 the Rice formula (?7) becomes

+oo
BN D) = [t [ o' o)
I —00

(b) Assume that the process X is Gaussian, centered and stationary with covari-
ance function I'(¢) := E(X;X;14), s,t € IR normalized by ['(0) = 1, spectral measure



i and spectral moments

A = /+OO 2 pu(de) (k=0,1,..)

o0

whenever they exist. Then, (2) becomes
1 1/2
BINJ(X: 1) = —eap(—u?/2)A". (3)
One can prove that formula (??) is in fact valid for any Gaussian, centered, station-
ary process having continuous paths in the sense that if Ay < oo equality holds and

if Ay = oo the first member is +00 (Wschebor, 1985)
(¢) A simple variation of (2), valid under the same hypotheses are:

+00
ElU,(X;1)] = /dt/ z'px, x: (u, ') da’ (4)
JroJo ’

In the same way one can obtain formulae for the factorial moments of “marked
crossings”, that is, crossings such that some additional condition holds true. For
example, if Y = {Y; : £ € IR} is some other stochastic process with real values such
that for every ¢, the triplet (Y3, X;, X]) admits a density, —oc < a < b < +oc and

NP (X, T =t{t:tel, X;=u, a <Y, <b}.
Then
b + o0
E[N*Y(X; 1)) = / dy /dt/ 2 [Py, x, xt (Y, u, ') d (5)
Ja J I J —o0

Sufficient conditions for the validity of (2) are similar to those for Rice formula.
(d) The statement of Rice formula (??) in Proposition 2.1 is from Wschebor
(1985). See Marcus (1977) for some extensions.
(e) It may be non trivial to verify the hypotheses of Proposition 2.1. However
some general criteria are available. For example, if X is a Gaussian process with C'
paths and the densities

PXyp X X X

by Xl
are non-degenerate for (t1,...t;) € IF\Dy(I), (s1,...s;) € I*\Dy(I), then conditions
1,2,3 of proposition 2.1 hold true (cf Wschebor (1985) p.37 for a proof, and also for
some manageable sufficient conditions in non-Gaussian cases).

(f) Another question related to Formula (?7) is the finiteness of the moments of

crossings. There exists a series of results in the case of Gaussian processes (see for



example Belyaev (1966), Cramér and Leadbetter (1967), Cuzick (1975), Miroshin
(1977)) in which the finiteness of E((N,(X,I))*) is deduced from regularity condi-
tions on the covariance. The proposition below contains sufficient conditions that
can be reasonably checked in a general framework and which imply the finiteness of
the moments of crossings.

Proposition 2.2 (Nualart and Wschebor, 1991) Let X = {X, : t € I} be a
real valued stochastic process defined on the compact interval I of the real numbers,
u € IR and m a positive integer. Suppose that a.s., the paths of X are of class CP*1,
p > 2m and that px,(x) is bounded by some constant C for x in a neighbourhood of

w and all t in I. Denote Zy, := sup,¢; |Xt(h')|. Then,
E([Nu (X, D]™) < Cpm[l + E(Zp11) + C],
Cp.m being some constant that depends only on p, m and the length of I.

The application of Proposition 2.2 to (Gaussian processes is immediate. If X is
Gaussian, with paths of class C?™' and Var(X;) > 0, for all ¢ € I then for m < p/2

E([Nu(X, D]"™) < o0 (6)

In fact, E(Z,+1) < oo because of classical results (Fernique (1974)) so that (3)
follows. As a consequence, if X is Gaussian with C* paths then (3) holds true for
allm=1,2,....

3 The distribution of the maximum and the Rice
series

We will assume in this section that the process X is defined on the interval I = [0, 1],
only for notational convenience. We introduce the notations

M = m[ax} Xy 5 Uy = E((Uu)[m}ll{xo<u}) (m=1,2,...)
te[0,1 =

where U, = U,(X,I). vy, is the factorial moment of the number of upcrossings of
the process X with the level u on the interval [0, 1], starting below w at ¢t = 0. The



Rice formula to compute v,,, whenever it holds is:

VUm = / dtl / E( ;m)+/X[] = .’Ij,)(t1 = ... = Xtm — u)

|3 N R TR T) (7)
_ / dty...db, / da;/

m 0+oo

PXo, Xty Xt X1, ’X’m L u,xy, x )da . da (8)

This section contains two main results. The first one, Theorem 3.1 requires the
process to have C* paths. As for Theorem 3.4, when the paths are not C*, we first
regularize them by means of a smoothing procedure and then apply a method that
is similar to the one in the first theorem.

3.1 Smooth processes

Theorem 3.1 Assume that a.s. the paths of the stochastic process X are of class
C> and that the density px,,, is bounded by some constant D.

(1) If there exists a sequence of positive numbers {cg},_, 5  such that:

DCk
2261 (2k — 1)!

= P (X0 > 0) + —o0@ M) (ko) (9)

then :
P(M>u)=P(Xy>u) +Z )t on (10)

(ii) In formula (3.1) the error when one replaces the infinite sum by its mg-th
partial sum is bounded by ~y;, ., where:

2k—|—1

Yy 1= SUP ( %) .

k>m
We will call the series in the right-hand term of (3.1) the "Rice Series”.

For the proof we start with the following lemma on the Cauchy remainder for
polynomial interpolation (Davis 1975, Th 3.1.1).



Lemma 3.1 a) Let I C IR, let f : I — IR be of class C*, k a positive integer,
t1, ..., tx, k points in I and let P(t) be the - unique - interpolation polynomial of
degree k — 1 such that for i = 1,....,k: f(t;) = P(t;), taking into account possible
multiplicities.

Then, forte I :

£ = Pt) = 15t = 1)t~ 8)FP(E)

where
min(tq, ..., tx, t) < & < max(ty, ..., tx, t).

b) If f is of class C¥ and has k zeros in I (taking into account possible multi-
plicities), then:
1

LT

F(1/2)] <

The next combinatorial lemma plays a central role in what follows . Its statement
is essentially known (Miroshin, 1974). We include an independent proof.

Lemma 3.2 Let £ be a non-negative integer-valued random variable having finite
moments of all orders. Let k,m, M(k > 0,m > 1, M > 1) be integers and denote

M
._ _ . o mly . o _1\ym+1Hm
pe=PE=k) ; pm=BE") ; Sy -—mZ_l( e
Then
(i) For each M :
2M oo
Somr < Zpk < Zpk < Sonr (11)

k=1 k=1

(ii) The sequence {Syr; M = 1,2, ...} has a finite limit if and only if p,/m! — 0
as m — oo, and in that case:

PE>1)= f:pk - i (—1)m+! L (12)

m!



Proof : (ii) is an immediate consequence of (i). As for (i) denote by (:7) the
binomial numbers and write

M 00 00
. k

Su=3 0 Y ()= Y nib 19

m=1 k=m k=1

with
kEANM /{‘

By = T 14
o= 3 1 (1) (14)

It is clear that By = 1if & < M. If k > M, we have two cases:
1. k> 2M.
Note that (r'fl) increases with mif 1 <m < g It follows that
By oy >k if M is odd and

By < =L if M is even,

since By, pr < ('1“) — (g) < —k/2, given that k > 2M > 4.
2. M <k <2M.
Check that in this case

k—M-1 k
Bk,M =1+ (_1)k+1 (_1)h+1< > =14+ (_l)k_H(Bk,kafl - 1).

with the convention By = 0.

Since k > 2(k— M —1),if 0 < k— M —1 < k, we can apply the first case and
it turns out that

k— M —1 odd :>Bk,k7M71 >k

k— M —1even = Bk,kafl < —I{J/2
Finally if k = M + 1, By = 2 when M is odd and By a = 0 if M is even.

Summing up the two cases, if k > M, we have By y; > 1if M is odd and By, py < 0
if M is even. So that from

M o0
Sy = Zpk + Z Pk Br,m
k=1

k=M+1

10



one gets (i). This proves the lemma.

Remark. A by-product of Lemma 3.2 that will be used in the sequel is the following:
if in (??) one substitutes the infinite sum by the M —partial sum, the absolute value
pari1/((M +1)!) of the first neglected term is an upper-bound for the error in the
computation of P(§ > 1).

Lemma 3.3 With the same notations as in Lemma 3.2 we have the equality:

o

=m Y (k- 1" UPE>k) (m=12..).

Proof: Check the identity

j=m j=m k=m
=m Y (k—1)""1PE > k)
k=m

Lemma 3.4 Suppose that a.s. the paths of the process X belong to C* and that
px,,, s bounded by the constant D. Then for any sequence {ek, k = 1,2,...} of
positive numbers, one has

m = m— _ D(,’k
B < m 3 (k- 10 [P (X V> ) + ] 19
k=m

Proof: Because of Lemma 3.3 it is enough to prove that P(U, > k) is bounded
by the expression in brackets in the right-hand member of (3.1). We have

P(U, > k) < P(IXP V0 > c) + P(U > b [IXE D] < ).
Because of Rolle’s theorem:

(U, >k} C {N,(X:1)> 2k — 1},

11



Applying Lemma 3.1 to the function X() — u and replacing in its statement k by
2k — 1, we obtain:

Ck

(2k—1) _
{U, >k, ||X oo < r} C{[ X1z —ul < 921 (2 1)!}'

The remaining is plain.

Proof of Theorem 3.1 :
Introduce the notation o, := E(US™) (m =1,2,...). Using Lemma 3.4 and the
hypothesis we obtain:

[ _WZ Tm __W 1_«r ‘1:1/2 = Tm
k=m

Since v, < Uy, we can apply Lemma 3.2 to the random variable £ = U, Tx,<u)
and the result follows from v, — 0.

B

3

Remarks

One can replace the condition px, ,(v) < D for all z by px, ,(z) < D for x in
some neighbourhood of u. In this case, the statement of Theorem 3.1 holds if one
adds in (i7) that the error is bounded by ~;, ., for mg large enough. The proof is
similar. Also, one may substitute the one-dimensional density px,,, by px, for some
other ¢t € I, introducing into the bounds the corresponding modifications.

The application of Theorem 3.1 requires an adequate choice of the sequence
{ck, k = 1,2,...} that depends on the available description of the process X. The
whole procedure will have some practical interest for the computation of P(M > u)
only if we get appropriate bounds for the quantities v, and the factorial moments v,
can be actually computed by means of Rice formulae (or by some other procedure).
Below we show how this can be done for some classes of processes.

Theorem 3.2 Let X be Gaussian, centered and stationary. Suppose that the spec-
tral moments A\, (k= 0,1,...) are finite, \y = 1 and moreover

H]) )\Qk S 01(k!)2a

for some constant Cy. Then the process satisfies the conclusion of Theorem 3.1 so
that the Rice series converges and gives the distribution function of M.

12



Proof. Tt is clear that px, ,(z) < D = (2m)~Y/2. Let us show a sequence {c;} that
satisfies (?77). We have

P(| XD > o) < P(\Xé”“*”\ > ) + 2P (U, (XD 1) > 1) <

P(2] 2 aohyll?) + 2B(U, (XD, 1)), (16)
where Z is standard normal. Note that {X,‘(%*]);t € IR} is a Gaussian stationary
centered process with covariance function —T'**=2)(.). So we can use Rice formula
(??) to compute the second term in the right-hand member of (16), taking into
account that one has to rescale the process by a factor A, / ", and that we have
upcrossings instead of crossings. Using the inequality 1 — <I>( ) < (1/2)¢(x) valid

for x > 0, one gets:
: )\L/CQ 2 ( > ) < ; )
1 exp | ——*
\/; Ck +(1/m) Agk—2 2 k2

PIX* o > ¢) <

Choose
/2 Ak
Cp ‘— (Bll{})\4k 2) if ——— < Blk
)\41972
. 1/2 - )\4]€
Cp ‘= ()\419) if > Bik.
4k—2

Using hypothesis Hy), if By > 1 :

P(IX®* Vo > ) <

2 1 )
\ﬁ+ —(Blk)l/Ql e
T T

Finally, choosing By := 4log(2):

2
%S\[(1+2(01/Q+1)k)22’“ (k=1,2,..),

™

so that (??) is satisfied. As a by product, note that

8
Ve < \[(1 +2(C 4 Dm)2™ (m=1,2,..). (17)
™
Remarks

13



a) One can easily verify that condition H;) implies that the covariance I' can
be extended to an analytic function in the disc {z : |z| < 2} of the complex plane
and that - almost conversely - if the Taylor series of I' at the origin is absolutely
convergent at z = 2 then H;) holds true.

b) On the other hand, if one is willing to use Rice formulae to compute the
factorial moments v,,, from remark e) after Proposition 2.1, it is enough to verify
that the distribution of

Xy ooy Xipy X

M X;k

is non-degenerate for any choice of k = 1,2,... (t1,...,t) € I*\Dy(I). For Gaussian
stationary processes a sufficient condition for non-degeneracy is the spectral measure
not to be purely atomic. See Cramér and Leadbetter (1967) for a proof. The same
kind of argument permits to show that the conclusion remains if the spectral measure
is purely atomic and the set of its atoms has an acumulation point in IR.

If instead of requiring the paths of the process X to be of class C*, one relaxes this
condition up to a certain order of differentiability, one can still get upper and lower
bounds for P(M > u). The proof of the following statement is a straightforward
application of Lemma 3.2 and Proposition 2.2.

Theorem 3.3 Let X = {X, :t € I} be a real -valued stochastic process. Suppose
that px,(x) is bounded for t € I, x € IR and that the paths of X are of class CP*'.
Then

2K+1
1%
f 2K +1<p/2 : P(M>u)<P(Xy> —1)ymHn
i KA1 <pf2 s POL> ) < PO > )+ 3 (1)
and
2K U
f 2K < p/2: P(M >u) < P(X, > —1)ym iz
if p/2: P(M >u) < P(X, u>+;< i

Note that all the moments in the above formulae are finite.

When the level u is high, the results by Piterbag (1981, 1996), which were until
recently the sharpest known asymptotic bounds for the tail of the distribution of the
maximum on a fixed interval of general Gaussian stationary processes with regular
paths (see Bardet and Wschebor, 2000) for a refinement) can be deduced from the
foregoing arguments. Here, only the first term in the Rice series takes part in the
equivalent of P(M > u) as u — +o0o. More precisely, if \; < oo, it is not hard to
prove that

14



N
0< 1/ =2p(u) — vy < (const)e gﬂ),

—Vor

u2
vo < (const)e” (TZM),

for a certain n > 0. Lemma 3.2 implies that

w2 (147)

0<1—®(u)+ \/%Qﬁ(u) — P(M > u) < (const)e” 2 (18)

which is Piterbarg’s result.

3.2 Computational aspects for smooth stationary Gaussian
processes

Next, our aim is to compare the numerical computation based upon Theorem 3.1
with the Monte-Carlo method based on the simulation of the paths. We do this for
stationary Gaussian processes that satisfy the hypotheses of Theorem 3.2 and also
the non-degeneracy condition that ensures that one is able to compute the factorial
moments of crossings by means of Rice formulae (see remark b) after the statement
of this Theorem). We also include some examples in which the distribution of the
maximum is computed by means of Theorem 3.3.

Suppose that we want to compute P(M > u) with an error bounded by §, where
0 > 0 is a given positive number.

To proceed by simulation, we discretize the paths by means of a uniform partition
{tj :==3j/n,j=0,1,...,n}. Denote

M™ .= sup Xi; -

0<j<n

Using Taylor’s formula at the time where the maximum M of X occurs, one
gets :
0< M =M™ < [|X"]|/(20?)

It follows that

0<P(M>u)— P(M™ >u)=P(M>u,M™ <u) <
< Plu<M<u+|X")w/(20%)).

15



If we admit that the distribution of M has a locally bounded density (which is a
well-known fact under the mentioned hypothesis) the above suggests that a number
of n = (const)§~ /2 points is required if one wants the mean error P(M > u) —
P(M™ > u) to be bounded by 6.

On the other hand, to estimate P(M™ > u) by Monte-Carlo with a mean square
error smaller than &, we require the simulation of N = (const)d 2 Gaussian n-tuples
(X4, ...y Xy, ) from the distribution determined by the given stationary process. Per-
forming each simulation demands (const)nlog(n) elementary operations (Dietrich
and Newsam, 1997). Summing up, the total mean number of elementary operations
required to get a mean square error bounded by ¢ in the estimation of P(M > u)
has the form (const)s—/2log(1/6).

Suppose now that we apply Theorem 3.1 to a Gaussian stationary centered pro-
cess verifying hypotheses H;) and the non-degeneracy condition. The bound for ~},
in Equation (3.1) implies that computing a partial sum with (const)log(1/d) terms
assures that the tail in the Rice series is bounded by 4. If one computes each v,
by means of a Monte-Carlo method for the multiple integrals appearing in the Rice
formulae, then the number of elementary operations for the whole procedure will
have the form (const)d 2log(1/6). Hence, this is better than simulation as § tends
to zero.

As usual, for given > 0, the value of the generic constants decides the compar-
ison between both methods.

More important is the fact that the enveloping property of the Rice series implies
that the actual number of terms required by the application of Theorem 3.1 can
be much smaller than the one resulting from the a priori bound on 7. More
precisely, suppose that we have obtained each numerical approximation v}, of v,
with a precision 7

Vi, — vl <.
and that we stop when

*

Vm0+1
T <. 19
(mo + 1)1 = (19)
Then, it follows that
o0 mo *
m+1 Vm m+1 Vm
2(1) mzl(l) s (e +1)n.

Putting n = 6/(e + 1), we get the desired bound. In other words one can profit of
the successive numerical approximations of v, to determine a new mg which turns
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out to be - in certain interesting examples - much smaller than the one deduced
from the a priori bound on ~},.

3.2.1 Computation of moments.

An efficient numerical computation of the factorial moments of crossings is associ-
ated to a fine description of the behaviour as the k-tuple (¢1, ..., ;) approaches the
diagonal D([), of the integrands

+ o / / ’ ’ / /
AL (e u) = / Ty oo T DXy oo X X1 X (U, ey uy 2y, o )da dx
b [07+oo)m

Uu
o / / ' / ' '
Ap o (u) = / dx / DX, Xy Kt Xy XL (x,uy .oy u, xy, oz )day ... dx)
J —o0 J10,+00)™

that appear respectively in Rice formulae for the k—factorial moment of upcrossings
and the k—factorial moment of upcrossings with the additional condition that X, <
u.

For example in Azais, Cierco and Croquette (1999) it is proved that if X is
Gaussian, stationary, centered and \g is finite, then the integrand A:t(u, u) in the
computation of 5 - the second factorial moment of the number of upcrossings -
satisfies:

3/2
Af (u, ) : ok — ) / ( S

~ W2 (t—s) 20
1296 ()\4 . )\%)1/2 2 )\% 2N, — )\%U ) ( S) ) ( )

ast—s — 0.
(??) can be extended to non-stationary Gaussian processes obtaining an equiv-
alence of the form:

gzt(u,u) ~J)(t—s)* as s;t—t (21)

where .J(t) is a continuous non-zero function of ¢ depending on u, that can be ex-
pressed in terms of the mean and covariance functions of the process and its deriva-
tives. We give a proof of an equivalence of the form (??) in the next proposition.
One can profit of this equivalence to improve the numerical methods to compute
vy (the second factorial moment of the number of upcrossings restricted to X, <
u). Equivalence formulae such as (??) or (??) can be used to avoid numerical
degeneracies near the diagonal D, (I). Note that even in case X is stationary at the
departure, under conditioning on X, the process that must be taken into account in
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the actual computation of the factorial moments of upcrossings that appear in the
Rice series(3.1) will be non-stationary, so that equivalence (??) is the appropriate
tool.

Proposition 3.1 Suppose that X is a Gaussian process with C° paths and that for
each t € I the joint distribution of X;, X|, Xt(Q), Xt(3) does not degenerate. Then (?7)
holds true.

&1

&
bility distribution the conditional distribution of (;I,) given Xy = X; = u.
t

One has:

Proof. Denote by & = (

> a two-dimensional random vector having as proba-

A:t(ua U) =FE (Ef—fg—) Pxg.x; (U, U) (22)
Put 7 =t — s and check the following Taylor expansions around the point s:
E(&)=mim+ mot? + Li73 (23)
E (&) = —myT + myr? + Ly7? (24)
Var (€) = ( ar? + br® 4+ et + pi 7P —ar? — b+Tbl7'3 +d1t + pra7® ) (25)
‘ —ar? — b+Tb'T3 +d7* + pro7® at? + V73 + 7t + poo7®

where my, mq, mj, a, b, ¢, d, a’, b’, ¢’ are continuous functions of s and Ly, Ly, pi1,
P12, peo are bounded functions of s and t. (?7),(??) and (3.2.1) follow directly from
the regression formulae of the pair ();%) on the condition X, = X; = u.

t

Note that (as in Belyaiev, 1966 or Azais and Wschebor, 2000)

det Var(X,, Xy, X))"  det Var(X,, X}, X, — X, — (t — 5)X])7
det Var(X,, X;)T det Var(X,, X, — X,)7

Var(&) =

A direct computation gives:

det Var(X,, X;)" = r*det Var(X,, X))* (26)

1 det Var(X,, X}, X{)"
V | ~ L S S 2
ar(§1) & ;— Var(X, X)7

where ~ denotes equivalence as 7 — 0. So,

1det Var(X,, X!, X7
a=-—
4 detVar(X,, X)T
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which is a continuous non-vanishing function for s € I. Note that the coefficient of
73 in the Taylor expansion of Cov(&,&,) is equal to —b+Tbl. This follows either by
direct computation or noting that det Var(§) is a symmetric function of the pair
s, t.
Put
A(s, t) = det Var(£)

The behaviour of A(s,t) as s, — t can be obtained by noting that

As. ) det Var(X,, X;, X!, X))T
5,t) =
’ det Var (X, X;)T

and applying Lemma 3.2 in Azais and Wschebor (2000) or Lemma 4.3, p.76 in
Piterbarg (1996) which provide an equivalent for the numerator, so that:

A(s, t) = A(D)7° (27)

with © )
o Ldet Var(Xz, X7, X7 X7 )

144 det Var(Xz X))T

The hypothesis implies that A(#) is continuous and non zero.
Then:

1 oo oo 1
e W N L
P = s [ [ oo | oap Pl a9

where

F(z,y) = Var(&)(a—E(§)*+Var (&) (y—E(&))*—2Cov(&1, &) (r—E(&)) (y— E(&))

Substituting the expansions (?7?), (??), (3.2.1) in the integrand of (3.2.1) and

making the change of variables z = 72v, y = 72w we get, as s,t — t:
G e [ [ L_F(v.u) 29)
E(ES ) ———— / / VW exp [ —F'(v,w } dvdw 29
o [A]'")o Jo 2A (1)

Z(t~) can be also expressed in terms of the functions a, b, ¢,d,d’, V', ¢

. A
A(t) = ad + ca’ + 2ad — 5
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and
F(o,w) =a(v—my+w—mh) +m2(c+c +2d) —my(b—b)(v+w—my — mb)

The functions a, b, ¢, d,b’, ¢, my, my that appear in these formulae are all evaluated
at the point t.

Replacing (3.2.1) and (3.2.1) into (??) one gets (?7?).

For k£ > 3, the general behaviour of the functions A;, _; (u) and g;jtk(u, )
when (t1, ..., tx) approaches the diagonal is not known. Proposition 3.3, even though
it contains restrictive conditions (it requires F{X;} = 0 and u = 0) can be applied
to improve the efficiency in the computation of the £ — th factorial moments by
means of a Monte-Carlo method, via the use of important sampling. More precisely,
when computing the integral of A} , (u) over I*, instead of choosing at random
the point (t1,ty, ..., ;) in the cube I* with a uniform distribution, we do it with a
probability law that has a density proportional to the function [], ;< (t; — t:)".
For its proof we will use the following auxiliary proposition, that has its own interest
and extends (3.2.1) to any k.

Proposition 3.2 Suppose that X = {X; :t € I} is a Gaussian process defined on
the interval I of the real line with C**~1 paths, k an integer, k > 2, and that the

joint distribution of (Xt,Xz, ....,Xt(%fl)) s non-degenerate for each t € I. Then,
Zf ti,to, ey bl — t* .

det Var(Xp, X\, ..., X1
A =det Var(X,, X, , ... X;, X)) = [QE?; (thf1)']t2 ) IT ¢ t°

1<i<j<k

(30)

Proof. With no loss of generality, we consider only k—tuples (¢, s, ...., ) such

Suppose f : I — IR is a function of class C*™ | m > 1, and t,t9,...., 1,
are pairwise different points in /. We use the following notations for interpolating
polynomials:

P,.(t; f) is the polynomial of degree 2m — 1 such that

Pultyi £) = (1) and Po(t; f) = f'(t) forj=1,...,m.

Q. (t; f) is the polynomial of degree 2m — 2 such that
Quti f)=f(t;) forj=1,...m; Q. (tf)=f'(t;) forj=1,...,m— 1
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JJFrom Lemma 3.1 we know that

F0) = Palti f) = iyt = 0 elt = 127279 (31)
1
f(t) - Qm(t; f) = m(t - tl)Q"“(t - tmfl)Q(t - tm)f(Qmil)(n) (32)
where
g = g(t],tg, ....,tm,t),n = 77(75],752, ,tm,t)
and

min(tq, to, oo, by t) < &, n < max(ty, to, ..., by, ).

Note that the function
_ 2m — D![f(t) = Qm(t; f)]
1) = FC D (n(t) to, oty ) = ( ' -
9(t) =1 (n(t1: 82, o tms 1)) (t—11)20(t — t1)2(t — tp)

is differentiable at the point ¢ = ¢,, and differentiating in (3.2.1):

f'(tm) = @ (tm; ) = ﬁ

(tm — 1) (b — b)) 2 fE™ Y (0t by oot tm))

Put
fm = g(t],tg, ----atmatm)anm = n(t],tg, ,tm,tm)

Since P,,(t; f) is a linear functional of
(F(ta)s s fltm), [/ (E2)s s [ ()

and @Q,,(t; f) is a linear functional of

(f(t1), ooy f (), f1(E1), oo [1(B1))
with coefficients depending (in both cases) only on t1, to, ...., t;, ¢, it follows that:

A =detVar(X,,, X, , X, — Pi(t2; X), X;, — Q4(t2, X), ...
o Xy — P (b X), X} — Qi1 X)) =

= (ty — )2 X

EREEE

1
= det Var(X,,, X/, 3:(t2 — 1) X0, =

1 Y : o
) m(tk_tl)Q___(tk_tk1)2X§(31 2)7 m(tk—t1)2_..(tk—tk71)2X7(7ilfl 1)) =
& 8
_ > ] &t
2!...(2k — 1)!] 1<i<j<k
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with

N (2) 3 (2k—2) 2% —1\T
A =det Var(X,,, X[, X, ,Xfp),...,XEH ,X7§H N =

— det Var(X;, X, ..., X7
as ty, to, ..., tp — t*. This proves (3.2.1).

Proposition 3.3 Suppose that X is a centered Gaussian process with C**~' paths
and that for each pairwise distinct values of the parameter t,ts,...,tx € I the joint
distribution of (Xth,Xgh,....,XSk*]), h = 1,2,...,k) is non-degenerate. Then, as
ot oty — 15

Az,...,tk (07 Sy 0) ~ Jk(t*) H (t] - t1)4

1<i<j<k

where Ji(t) is a continuous non-zero function of t.
Proof. Introduce the notation
Di(t) = det Var(X,, X|, ..., X!

In the same way as in the proof of Proposition 3.2 and with a simpler computation,
it follows that as tq,t9, ...t — t*

1
det Var(X;,, X4, ..., X3, )" = [ H (tj—t,;)2].Dk1(t*). (34)

1<i<j<k

For pairwise different values ty,ts, ..., 1, let Z = (Zy,..., Z;)" be a random vector
having the conditional distribution of (X] ,...., X| )" given X}, = X}, = ... = X;, =
0. The (Gaussian) distribution of Z is centered and we denote its covariance matrix
by ¥. Also put:

1 .
= .
det(E) (U )z,]:l,...,k
o'/ heing the cofactor of the position (i,7) in the matrix . Then, one can write:
Al 0,.,0)=E{Z] .. Z } . px,,ox,, (0,.,0) (35)
and
~ 1 F(xy,...,xy)
Af 0,..,0)= - / Ti..Tp exp {—% dx;...dxy,
(36)
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where
F(x1, ..., xy Za XTiTj.
Letting ti,t, ..., &, — t* and using (3.2.1) and (3.2.1) we get:

det Var(Xy,, X/, ..., Xy, Xék)T
det Var(Xy,, ..., Xy,)T

~ 1 _yys| Dua ()
Tkl (2k—1)!]2[ IT ;=) ] "Dy (tt)

1<i<j<k

det(X) =

We consider now the behaviour of the o%(i,j = 1,...,k). Let us first look at o'
Using the same method as above, now applied to the cofactor of the position (1, 1)
in X, one has:

det VU/T(thath, ceey th, thz, ey thk)T
det Var(Xy,, ..., X;,)7 -

~ W {H2<Z<7<k( ti) } T aocner(tt = tn)*] Do o(t")

gt et = 6?] Dia(t?)

B 1 p 5| Dak—a(t*)
kL2 — 2)1 [ 1 (t”'_ti)] [ Ll (tl_t”‘)] D1 ()

2<i<j<k 2<h<k

0_11 —

A similar computation holds for ¢",i = 2, ..., k.
Consider now ¢'2. One has:

det [E {(th,th, ey Xy X ...,X;k)T.(th,XtQ, ...,th,thl,X;g...,X;k)}]

0_12 _ =
det VaT(th g ey ka)T

_det [B{(X0,, Xy, o Xop, X7, X0 (X, X, X, Xy X, X, X))
det VCLT(Xt1 s ...,th)T ~
1 6 s s o Dok (1")
~ 2 H (t; — 1) [ H (B — 1) (ta — )" | (o—t1)" 1
k(2 — 2)] L e E2e Di ()

A similar computation applies to all the cofactors o%,7 # j.
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Now we perform in the integral in (3.2.1) the change of variables

i=k
Tj= [ H (t; tj)Q] Cy; g =1,.k

i=1,i#]

and the integral becomes:

1
t—t;)° Yk eXp | —————G(y1, ..., dy;...d
[ I @ )]'/(Rﬂky] Yk exp[ > Aot (Y] (1 yk)} Yi...dy

1<i<j<k

where

h=k h=k
y17 . ayk Z o" [ H th o tl)2] [ (th o t7)2] Yi Yj-
i h#j

1,j=1 JhFi h=1,
so that, as 1,19, ..., 1 —> t*

G(y1s - ) -~ Doy—»(1") o 2
—qeil 2k - Olik (Zy,)

2k1

Now, passage to the limit under the integral sign in (3.2.1), which is easily justified
by application of the Lebesgue Theorem, leads to

E{Z}.Z}} =~ (Qi)gk!...@k —1)! [ H It — tﬁ] <%)5 I (")

1<i<j<k

where Ij(a), > 0 is

I (o) = ~/(R+) Y1 Yk €xp {Z (Zyz) J dyr...dyy, = %Ik(l)

and
2 Doy o(t")

ot = [(2k — 1)!] Do 1 ()

Replacing into (?7) one gets the result with

A2k 20 L(1) [Dle(t)r
2m(2k — )P Dy ()]

Je(t) =
This finishes the proof.
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Numerical examples

We give here several examples of the computation of the distribution function of M
for stationary centered Gaussian processes. The examples are listed in the following
table where the covariances and the corresponding spectral densities are indicated.

process covariance spectral density

Xi T1(t) = exp(—1?/2) f1( ) = (27) Pexp(—a?/2)
Xo 2(t) = (ch(t))™ fal) = (2ch((x2)/2)) "
X3 Ts(t) = (3'/%1) " sin(3'/%1) fa(z) = 12 e fwf}
Xy Dy() = e VRHEERP 4 262 + VB 4 1) falz) = (5 +2?)

In all cases, Ag = Ay = 1 to be able to compare the various results. Note that I'; and
I'; have analytic extensions to the whole plane, so that Theorem 3.2 applies to the
processes X; and X3. On the other hand, even though all spectral moments of the
process X, are finite, Theorem 3.2 does not apply since the meromorphic extension
of T'y(.) has poles at the points iw/2 + k7i, k an integer, which means that H;)
does not hold. With respect to [4(.) notice that it is obtained as the convolution
5% s %[5 % s where ['s(t) := e "' is the covariance of the Ornstein-Uhlenbeck
process, plus a change of scale to get \g = Ay = 1. The process X4 has \g < oo
and Mg = oo and its paths are C?. So, for the processes X, and X, we apply
Theorem 3.3 to compute F(T,u). The table below, which is extracted from the
work of Croquette (1999) contains the results for 7 = 1 and 7' = 4 and the values
w= —3,-2,-1,0,1,2,3. In all cases the error is smaller than 10~* except for the
values indicated with a * for which it is smaller than 1073.

ry ry Iy Iy I's I's Iy Iy
u(|T=1|T=4|T=1|T=4|T=1|T=4|T=1|T=4
—3 || 0.0001 | 0.0000 | 0.0002 | 0.0000 | 0.0001 | 0.0000 | 0.0002 | 0.0000
—2| 0.0056 | 0.0000 | 0.0062 | 0.0012 | 0.0050 | 0.0000 | 0.0060 | 0.0000
—11 0.0721 | 0.0038 | 0.0753 | 0.0142 | 0.0692 | 0.002% | 0.0747 | 0.004x
0] 0.3473 | 0.0986 | 0.3517 | 0.1245 | 0.3437 | 0.081% | 0.3508 | 0.108%
11 0.7459 | 0.5081 | 0.7475 | 0.5252 | 0.7450 | 0.4948 | 0.7472 | 0.517*
211 0.9558 | 0.8933 | 0.9559 | 0.8954 | 0.9557 | 0.8922 | 0.9559 | 0.8945
311 0.9969 | 0.9916 | 0.9969 | 0.9916 | 0.9969 | 0.9916 | 0.9969 | 0.9916

For T' =1 the results are very close to using only the first term in the Rice series
n (3.1), so they are very similar between themselves, because of A\g = Ay = 1. For
T = 4 three or four terms of the Rice series are needed to get the desired precision.
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3.3 Processes with continuous paths

This subsection is devoted to a modification of Theorem 3.1 to include processes
that do not have C* paths. This is done using a regularisation of the paths by
convolution with a deterministic approximation of unity. For simplicity, we will
limit ourselves to the case of Gaussian kernels. Other kernels can be used in a
similar way.

Suppose X = {X; :t € [0,1]}, is a stochastic process with continuous paths. Let
€ be a positive real number, we define

Xo(t) := (¢ * X)) (t) = h be(t — ) Xqds, (37)

J —00

where o
o-(t) == (2m) 2 (e) e /2 | e,

and in (3.3) we have extended X by Xj (respectively X;) for ¢ < 0 (respectively
t > 1). Denote by M¢® v;,, ... the analogous to M, v,,,... for the process X° =

{X*(t),t € [0,1]} instead of X. wy(.) denotes the continuity modulus of the function
f defined on [0, 1].

Theorem 3.4 With the above notations, suppose that the following conditions hold:
a) px=(1/2)(x) is bounded by a constant Dy for € small enough.

b) E([| X|lo) < o0.
c¢) The distribution of M has no atoms.
Then:
(i) }
P(M >u) = P(Xg > u) +lim y_(—1)m+/m (38)
€0 £ m)!

(ii) In formula (??) the error, when one replaces the limit by a given € (0 < € <
€0 := e 2) and the infinite sum by the mg partial sum is bounded by:

32D, E(]| X |0)] 2 W 4+ P(|Xo—u| <) + P(u< M < u+n)+

+ Plax(3(0) = 0/2) + P(IX]1 > L) (30

for each n > 0, Where
5(€) == €(2log(1/e)'/?
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Ure .= sup ([(Qk — 1)!]1/262]{71)71/2.

k>m

Note: If one wishes the bound for the error in Formula (39) to be smaller than
some positive number, proceed according to the following steps:
1) choose n > 0 so that the second and third terms are small;
2) with that value of i choose € > 0, so that the fourth and fifth terms are small;
3) choose my large enough to make the first term small.
Proof: Consider the events

El 2:{‘XU—U|<T]},EQ = {U<M§U+T}},

By = {wx(0(e)) = n/2}, Ea = {[[ Xloo > \/f }
E:=F UEUE;U By,
Observe that if w ¢ F and € < ¢, then
oo
XIS [ o)X Xatds S x4 X e [ gl <

Using this relation one gets:

PM>u,Xg<u)<PM>u+nXy<u—nE)+PE) <
< P(M® > u, X5(0) < u) + P(E) < P(U: > 1, X°(0) < u) + P(E).

Also

PWU;>1,X°(0) <u,E) < PWU; >1,X°(0) <u, Xg<u-—mn,E <
<PM>u,Xo<u—n)<P(M>uXy<u).

Summing up:

P(Xog>u)+ P(U, >1,X°(0) <u)— P(E) < P(M >u) <
< P(Xo>u)+ PU; >1,X°(0) <u) + P(E).

To compute P(U:; > 1,X%(0) < u) we apply the same method as in the proof of
Theorem 3.1. For that purpose, we need to show that the process X°* satisfies the
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conditions for an appropriate choice of the sequence {cx; k = 1,2, ...}. Denoting by
Hy(s), the k-th Hermite polynomial, we have:

+00 +0oo
X ()] < e X / 6Ot — 5)/e)|ds = e | X o / 16%) () dus
+oc - +oc - 1/2
= Akt [ ) o) < Xkt ([ (noPots)ds)

= ¢ M| X oo (K)'72.

So,
Dc
e _ e(2k—1) 1%k
% = P(|X loo = ck) + 22k-1(2 — 1)!
((2k — 1)1)1/? D¢
<2 BIX ) + R
S g, DUXle) + 226=1(2k — 1)
Choosing
L [(@k =Dy E( X )]
k- (e/2)%1D, '
we obtain
- ok [ 8DIE(IX]) 1
Te =2 kT ((2k - D))
Hence,

v = sup(25195) < [32D1 B([| X [[o0)] 7 .
k>m

The remaining follows as in the proof of Theorem 3.1.
Remarks and examples

A) Conditions a), b) and c) in Theorem 3.4 are usually non trivial to check and
the a priori estimation of the error can be a hard problem. Moreover, when this
can be actually done, the validity of Rice formulae and the feasibility of the method
still remains a problem if one is willing to use Theorem 3.4 as a tool for numerical
computation. For a given error, smaller € > 0 implies larger mg and the usefulness
of Theorem 3.4 for numerical applications is limited. The bound in (39) shows that
a priori we require at least mgy ~ (1/2)e 2 terms in the sum as ¢ — 0.

B) Let X be a Gaussian process with continuous paths and

m(t) = E(X;) ; o*(t) :=Var(X;) >0
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be the (continuous) mean and variance of X;. Condition a) in Theorem 3.4 follows
easily together with bounds on D; and P(E}).

Condition b) is well-known from classical results on Gaussian processes (Fer-
nique, (1974)) that also give bounds on E(||X||«) and on the tail probability
P(||X||sc > a) from additional information on the process X (see Adler, (1990),
Borell, (1975), Ledoux and Talagrand, (1991), Ledoux, (1996), Sun (1993) and ref-
erences therein). This implies bounds on P(E}).

Condition ¢) is Ylvisaker’s theorem (1968). A priori bounds on P(E,) follow
from bounds on the density of the distribution of the random variable M, resulting
from additional conditions on the Gaussian process X (see Diebolt and Posse (1996)
and references therein, Weber (1985), Azais and Wschebor (1999, 2000).

P(Es) can be bounded using the classical methods to study the continuity modulus
of a stochastic process, for example, if the incremental variance Vi(h) = E((Xyyp —
X;)?) is given (see for example Cramér and Leadbetter (1967)).

C) Theorem 3.4 can be applied to one-dimensional diffusions satisfying certain
assumptions. Let {X; : ¢ > 0} be the strong solution of the stochastic differential
equation

dX; = o(t, Xy)dW, + b(t, Xy)dt ; Xo = z,,

where {W; : t > 0} stands for the standard Brownian motion, 0,5 : R* xR — IR are

. do  0b )
continuous and —, . are continuous and bounded and z; € IR. We also assume

Oz’ Ox
that
o(t,r) >09>0,teR", zeR.

The methods employed in Azais (1989) or Nualart and Wschebor (1991) permit to
prove that px-( exists and is a bounded function for ¢ € [4,1] for each § > 0,0 <
€ < €(0). Condition b) is standard and well known. As for condition c), it follows
as in Nualart and Vives (1988) using stochastic calculus of variations.

Hence, Theorem 3.4 can be used to obtain formula (??) for P(M; > u), My ==
max;s<;<1 X; and bounds having the form (39) for the error. Adding an elementary
bound on the local oscillation P(maxg<;<s | X;—zo| < 1), oneis able to get P(M > u)
with a controlled error. On the other hand, an obstacle to have an actual numerical
computation for P(M > u) is the lack of a good description of the joint densities
of X=(t), X¢'(t) at the k-tuple (1, ..., ;) to be used in Rice formulae. This problem
does not have yet a satisfactory solution.

D) Even though polygonal approximations are not differentiable, they can be
used instead of smoothing in Theorem 3.4. In this case, the advantage is that the
number of terms in the Rice series is finite. We will not pursue the subject here.
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