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The 
omputation of the distribution fun
tion of the random variable MT F (T; u) :=P (MT � u); u 2 IR by means of a 
losed formula based upon natural parametersof the pro
ess X is known only for a very restri
ted number of sto
hasti
 pro
esses(and trivial fun
tions of them): the Brownian Motion fWt : t � 0g; the BrownianBridge, Bt := Wt � tW1 (0 � t � 1); Bt � R 10 Bsds (Darling, 1983); the BrownianMotion with a linear drift (Shepp, 1979); R t0 Wsds + yt (M
Kean, 1963, Goldman,1971 La
hal, 1991); the stationary Gaussian pro
esses with 
ovarian
e equal to:1. r(t) = e�jtj (Ornstein-Uhlenbe
k pro
ess, DeLong, 1981),2. r(t) = (1 � jtj)+, T a positive integer (Slepian pro
ess, Slepian 1961, Shepp,1971),3. r(t) even, periodi
 with with period 2, r(t) = 1��jtj for 0 � jtj � 1, 0 < � � 2,(Shepp and Slepian 1976),4. r(t) = 1� jtj=1� � _ ��=1� � , jtj < 1� �=�; 0 < � � 1=2; T = (1� �)=�(Cressie 1980),5. r(t) = 
os t:Given the interest in F (T; u) for a large diversity of theoreti
al and te
hni
alpurposes an extensive literature has been developed towards:1. Obtaining inequalities for F (T; u), : Slepian (1962); Landau & Shepp (1970);Mar
us & Shepp (1972); Fernique (1974); Borell (1975); Talagrand (1996) andreferen
es therein. A general review of 
lassi
al results is in Adler (1990, 2000).2. Des
ribing the behaviour of F (T; u) under various asymptoti
s : Qualls andWatanabe (1973); Piterbarg (1981, 1996); Leadbetter, Lingren and Rootz�en(1983); Sun (1993); Berman (1985a, b, 1992); Berman & Kôno (1992) ; Tala-grand (1988).3. Studying the regularity of the distribution of MT : Ylvisaker (1968); Tsirelson(1975); Weber (1985); Lifshitz (1995); Diebolt and Posse (1996), Aza�is andWs
hebor (2000) and referen
es therein.2



Generally speaking, even though important results are asso
iated with problems1) 2) and 3) they only give limited answers to the 
omputation of F (T; u) for �xedT and u. As a 
onsequen
e, Monte-Carlo methods based on the simulation of thepaths of the 
ontinuous parameter pro
ess X are widely used, even though they arepoor for theoreti
al purposes, expensive from the point of view of the number ofelementary 
omputations needed to assure that the error is below a given bound,and always depend on the quality of the random number generator being employed.The approa
h in this paper is based upon some exa
t series that express F (T; u)in terms of the fa
torial moments of the number of up
rossings. The underlyingideas have been known sin
e a long time (Miroshin (1974)) espe
ially 
ombinatoriallemma 3.2 of whi
h we give an independent proof. What is new is that we havebeen able to prove the 
onvergen
e of the series in a general framework, instead of
onsidering only some parti
ular pro
esses, thus providing a method that 
an bewidely applied. On the other hand, even though Theorems 3.1 and 3.4 below do notrefer spe
i�
ally to Gaussian pro
esses, at present we are able to apply them to thenumeri
al 
omputation of F (T; u) only in Gaussian 
ases.We have in
luded a 
omparison between the 
omplexities of the 
omputations ofF (T; u) using the Ri
e series versus Monte-Carlo method for the relevant 
ase of ageneral 
lass of stationary Gaussian pro
esses. It shows that the use of Ri
e series isa priori better. More important, it is self-
ontrolling for the numeri
al errors. Thisimplies that the a posteriori number of 
omputations may be mu
h smaller thanthe one required by simulation. In fa
t, in relevant 
ases, the a
tual 
omputationis performed with a few terms in the Ri
e series. As examples, we have in
ludedtables for F (T; u) for a number of Gaussian pro
esses. We also pay some attention to
ertain problems arising naturally in performing the numeri
al 
omputation of themoments of up
rossings that requires the use of some pra
ti
al tools to be eÆ
ient.We use the same method for stationary Gaussian pro
esses verifying 
ertain reg-ularity 
onditions, to obtain upper and lower bounds for F (T; u) that are sharp asu �! +1 but do not improve known results (Piterbarg, 1981). Re
ent improve-ments for this asymptoti
 behaviour (Bardet and Ws
hebor, 2000) are based on thestudy of the density of MT ( Azais and Ws
hebor, 2000).The Note (Aza�is & Ws
hebor 1997) 
ontains a part of the results in the presentpaper, without proofs.
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NotationsLet f : I �! IR be a fun
tion de�ned on the interval I of the real numbers,Cu(f ; I) := ft 2 I : f(t) = ugNu(f ; I) := ℄ (Cu(f ; I))denote respe
tively the set of roots of the equation f(t) = u on the interval I and thenumber of these roots, with the 
onvention Nu(f ; I) = +1 if the set Cu is in�nite.Nu(f ; I) is 
alled the number of \
rossings" of f with the \level" u on the intervalI. In the same way , if f is a di�erentiable fun
tion the number of \up
rossings"of f is de�ned by means ofUu(f ; I) := ℄(ft 2 I : f(t) = u; f 0(t) > 0g):kfkp denotes the norm of f in Lp(I; �); 1 � p � +1, � the Lebesgue measure. Thejoint density of the �nite set of random variables X1; :::Xn at the point (x1; :::xn)will be denoted pX1;:::;Xn(x1; :::xn) whenever it exists. �(t) := (2�)�1=2exp(�t2=2) isthe density of the standard normal distribution, �(t) := R t1 �(u)du its distributionfun
tion. jIj is the length of I. x+ = sup fx; 0g.If A is a matrix, AT denotes its transposed, and if A is a square matrix, det(A)its determinant. V ar(�) is the varian
e matrix of the (�nite dimensional) randomve
tor � and Cov(�; �) the 
ovarian
e of � and �.For m and k, positive integers, k � m, de�ne the fa
torial kth power of m bym[k℄ := m(m� 1):::(m� k + 1)For other real values of m and k we put m[k℄ := 0.If k is an integer k � 1, the \diagonal of Ik " is the set:Dk(I) := f(t1; :::; tk) 2 Ik; tj = th for some pair (j; h); j 6= hg:f (m) is the m-th derivative of the fun
tion f . Æjh = 0 or 1 a

ording as j 6= h orj = h.2 Ri
e formulaeIn the this se
tion we review without proofs the formulae for the moments of thenumber of 
rossings of the paths of a sto
hasti
 pro
ess (the so-
alled "Ri
e formu-lae") and some related results. 4



Let X = fXt : t 2 IRg be a real valued sto
hasti
 pro
ess with C1 paths. Weset, for (t1; :::; tk) 2 IknDk(I) and xj 2 IR (j = 1; :::; k):eAt1;:::tk(x1; :::xk) := ZIRk � kYj=1 jx0jj�pXt1 ;:::;Xtk ;X0t1 ;:::;X0tk(x1; :::xk; x01; :::x0k)dx01:::dx0kand Ik(x1; :::xk) := ZIk eAt1;:::tk(x1; :::xk)dt1:::dtk;where it is understood that the density in the integrand of the de�nition of eAt1;:::tk(x1; :::xk)exists almost everywhere and that the integrals above 
an take the value +1.Proposition 2.1 (Ri
e formula) Let k be a positive integer, u a real number andI a bounded interval in the line. With the above notations and 
onditions, let usassume that the pro
ess X also satis�es the following 
onditions:1. the density pXt1 ;:::;Xtk ;X0s1 ;:::;X0sk (x1; :::xk; x01; :::x0k) exists for (t1; :::tk); (s1; :::sk) 2IknDk(I) and is a 
ontinuous fun
tion of (t1; :::tk) and of x1; :::xk at the point(u; :::; u).2. the fun
tion (t1; :::; tk; x1; :::xk) �! eAt1;:::tk(x1; :::xk) is 
ontinuous for (t1; :::; tk) 2IknDk(I) and x1; :::xk belonging to a neighbourhood of u.3. (additional te
hni
al 
ondition)ZIR3 jx01jk�1jx02 � x03jpXt1 ;:::;Xtk ;X0s1 ;X0s2 ;X0t1 (x1; :::xk; x01; x02; x03)dx01dx02dx03 �! 0as js2 � t1j �! 0, uniformly as (t1; :::; tk) varies in a 
ompa
t subset of IknDk(I)and x1; :::; xk vary in a �xed neighbourhood of u.Then, E((Nu(X; I))[k℄) = Ik(u; :::; u) (1)Both members in (??) may be +1:Remarks (a) For k = 1 the Ri
e formula (??) be
omesE[Nu(X; I)℄ = ZI dt Z +1�1 jx0jpXt;X0t(u; x0)dx0: (2)(b) Assume that the pro
ess X is Gaussian, 
entered and stationary with 
ovari-an
e fun
tion �(t) := E(XsXt+s); s; t 2 IR normalized by �(0) = 1, spe
tral measure5



� and spe
tral moments �k := Z +1�1 xk�(dx) (k = 0; 1; :::)whenever they exist. Then, (2) be
omesE[Nu(X; I)℄ = jIj� exp(�u2=2)�1=22 : (3)One 
an prove that formula (??) is in fa
t valid for any Gaussian, 
entered, station-ary pro
ess having 
ontinuous paths in the sense that if �2 <1 equality holds andif �2 =1 the �rst member is +1 (Ws
hebor, 1985)(
) A simple variation of (2), valid under the same hypotheses are:E[Uu(X; I)℄ = ZI dt Z +10 x0pXt;X0t(u; x0)dx0 (4)In the same way one 
an obtain formulae for the fa
torial moments of \marked
rossings", that is, 
rossings su
h that some additional 
ondition holds true. Forexample, if Y = fYt : t 2 IRg is some other sto
hasti
 pro
ess with real values su
hthat for every t, the triplet (Yt; Xt; X 0t) admits a density, �1 � a < b � +1 andNa;bu (X; I) := ℄ft : t 2 I; Xt = u; a < Yt < bg:Then E[Na;bu (X; I)℄ = Z ba dy ZI dt Z +1�1 jx0jpYt;Xt;X0t(y; u; x0)dx0: (5)SuÆ
ient 
onditions for the validity of (2) are similar to those for Ri
e formula.(d) The statement of Ri
e formula (??) in Proposition 2.1 is from Ws
hebor(1985). See Mar
us (1977) for some extensions.(e) It may be non trivial to verify the hypotheses of Proposition 2.1. Howeversome general 
riteria are available. For example, if X is a Gaussian pro
ess with C1paths and the densities pXt1 ;:::;Xtk ;X0s1 ;:::;X0skare non-degenerate for (t1; :::tk) 2 IknDk(I), (s1; :::sk) 2 IknDk(I), then 
onditions1,2,3 of proposition 2.1 hold true (
f Ws
hebor (1985) p.37 for a proof, and also forsome manageable suÆ
ient 
onditions in non-Gaussian 
ases).(f) Another question related to Formula (??) is the �niteness of the moments of
rossings. There exists a series of results in the 
ase of Gaussian pro
esses (see for6



example Belyaev (1966), Cram�er and Leadbetter (1967), Cuzi
k (1975), Miroshin(1977)) in whi
h the �niteness of E((Nu(X; I))k) is dedu
ed from regularity 
ondi-tions on the 
ovarian
e. The proposition below 
ontains suÆ
ient 
onditions that
an be reasonably 
he
ked in a general framework and whi
h imply the �niteness ofthe moments of 
rossings.Proposition 2.2 (Nualart and Ws
hebor, 1991) Let X = fXt : t 2 Ig be areal valued sto
hasti
 pro
ess de�ned on the 
ompa
t interval I of the real numbers,u 2 IR and m a positive integer. Suppose that a.s., the paths of X are of 
lass Cp+1,p > 2m and that pXt(x) is bounded by some 
onstant C for x in a neighbourhood ofu and all t in I. Denote Zh := supt2I jX(h)t j. Then,E([Nu(X; I)℄m) � Cp;m[1 + E(Zp+1) + C℄;Cp;m being some 
onstant that depends only on p;m and the length of I.The appli
ation of Proposition 2.2 to Gaussian pro
esses is immediate. If X isGaussian, with paths of 
lass Cp+1 and V ar(Xt) > 0, for all t 2 I then for m < p=2E([Nu(X; I)℄m) <1 (6)In fa
t, E(Zp+1) < 1 be
ause of 
lassi
al results (Fernique (1974)) so that (3)follows. As a 
onsequen
e, if X is Gaussian with C1 paths then (3) holds true forall m = 1; 2; :::.3 The distribution of the maximum and the Ri
eseriesWe will assume in this se
tion that the pro
ess X is de�ned on the interval I = [0; 1℄,only for notational 
onvenien
e. We introdu
e the notationsM := maxt2[0;1℄Xt ; �m := E((Uu)[m℄1IfX0�ug) (m = 1; 2; :::)where Uu = Uu(X; I). �m is the fa
torial moment of the number of up
rossings ofthe pro
ess X with the level u on the interval [0; 1℄, starting below u at t = 0. The
7



Ri
e formula to 
ompute �m, whenever it holds is:�m = ZIm dt1:::dtm Z u�1 dxE �(X 0t1)+:::(X 0tm)+=X0 = x;Xt1 = ::: = Xtm = u�pX0;Xt1 ;:::;Xtm(x; u; :::; u) = (7)= ZIm dt1:::dtm Z u�1 dx Z[0;+1)m x01:::x0mpX0;Xt1 ;:::;Xtm ;X0t1 ;:::;X0tm(x; u; :::; u; x01; :::x0m)dx01:::dx0m: (8)This se
tion 
ontains two main results. The �rst one, Theorem 3.1 requires thepro
ess to have C1 paths. As for Theorem 3.4, when the paths are not C1, we �rstregularize them by means of a smoothing pro
edure and then apply a method thatis similar to the one in the �rst theorem.3.1 Smooth pro
essesTheorem 3.1 Assume that a.s. the paths of the sto
hasti
 pro
ess X are of 
lassC1 and that the density pX1=2 is bounded by some 
onstant D.(i) If there exists a sequen
e of positive numbers f
kgk=1;2;::: su
h that:
k := P �kX(2k�1)k1 � 
k�+ D
k22k�1 (2k � 1)! = o �2�k� (k !1) (9)then : P (M > u) = P (X0 > u) + 1Xm=1 (�1)m+1 �mm! (10)(ii) In formula (3.1) the error when one repla
es the in�nite sum by its m0-thpartial sum is bounded by 
�m0+1 where:
�m := supk�m �2k+1
k� :We will 
all the series in the right-hand term of (3.1) the "Ri
e Series".For the proof we start with the following lemma on the Cau
hy remainder forpolynomial interpolation (Davis 1975, Th 3.1.1 ).
8



Lemma 3.1 a) Let I � IR, let f : I �! IR be of 
lass Ck, k a positive integer,t1; :::; tk; k points in I and let P (t) be the - unique - interpolation polynomial ofdegree k � 1 su
h that for i = 1; :::; k: f(ti) = P (ti), taking into a

ount possiblemultipli
ities.Then, for t 2 I : f(t)� P (t) = 1k! (t� t1)::::(t� tk)f (k)(�)where min(t1; :::; tk; t) � � � max(t1; :::; tk; t):b) If f is of 
lass Ck and has k zeros in I (taking into a

ount possible multi-pli
ities), then: jf(1=2)j � 1k!2k kf (k)k1:The next 
ombinatorial lemma plays a 
entral role in what follows . Its statementis essentially known (Miroshin, 1974). We in
lude an independent proof.Lemma 3.2 Let � be a non-negative integer-valued random variable having �nitemoments of all orders. Let k;m;M(k � 0; m � 1;M � 1) be integers and denotepk := P (� = k) ; �m := E(�[m℄) ; SM := MXm=1(�1)m+1�mm!Then(i) For ea
h M : S2M � 2MXk=1 pk � 1Xk=1 pk � S2M+1 (11)(ii) The sequen
e fSM ;M = 1; 2; :::g has a �nite limit if and only if �m=m!! 0as m!1, and in that 
ase:P (� � 1) = 1Xk=1 pk = 1Xm=1 (�1)m+1 �mm! : (12)
9



Proof : (ii) is an immediate 
onsequen
e of (i). As for (i) denote by � km� thebinomial numbers and writeSM = MXm=1 (�1)m+1 1Xk=m� km�pk = 1Xk=1 pkBk;M (13)with Bk;M := k^MXm=1 (�1)m+1� km� (14)It is 
lear that Bk;M = 1 if k �M: If k > M , we have two 
ases:1. k � 2M:Note that �km� in
reases with m if 1 � m � k2 . It follows thatBk;M � k if M is odd andBk;M � �k2 if M is even,sin
e Bk;M � �k1�� �k2� � �k=2, given that k � 2M � 4:2. M < k < 2M .Che
k that in this 
aseBk;M = 1 + (�1)k+1 k�M�1Xh=0 (�1)h+1�kh� = 1 + (�1)k+1(Bk;k�M�1 � 1):with the 
onvention Bk;0 = 0.Sin
e k > 2(k�M � 1), if 0 < k�M � 1 < k, we 
an apply the �rst 
ase andit turns out that k �M � 1 odd ) Bk;k�M�1 � kk �M � 1 even ) Bk;k�M�1 � �k=2:Finally if k =M + 1, Bk;M = 2 when M is odd and Bk;M = 0 if M is even.Summing up the two 
ases, if k > M , we have Bk;M > 1 ifM is odd and Bk;M � 0if M is even. So that from SM = MXk=1 pk + 1Xk=M+1 pkBk;M10



one gets (i). This proves the lemma.Remark. A by-produ
t of Lemma 3.2 that will be used in the sequel is the following:if in (??) one substitutes the in�nite sum by the M�partial sum, the absolute value�M+1=((M + 1)!) of the �rst negle
ted term is an upper-bound for the error in the
omputation of P (� � 1).Lemma 3.3 With the same notations as in Lemma 3.2 we have the equality:E(�[m℄) = m 1Xk=m(k � 1)[m�1℄P (� � k) (m = 1; 2; :::):Proof: Che
k the identity j[m℄ = m j�1Xk=m�1(k)[m�1℄for ea
h pair of integers j;m. So,E(�[m℄) = 1Xj=m j[m℄P (� = j) = 1Xj=mP (� = j)m jXk=m(k � 1)[m�1℄ == m 1Xk=m(k � 1)[m�1℄P (� � k):Lemma 3.4 Suppose that a.s. the paths of the pro
ess X belong to C1 and thatpX1=2 is bounded by the 
onstant D. Then for any sequen
e f
k; k = 1; 2; :::g ofpositive numbers, one hasE((Uu)[m℄) � m 1Xk=m(k � 1)[m�1℄ �P �kX(2k�1)k1 � 
k�+ D
k22k�1 (2k � 1)!� ; (15)Proof: Be
ause of Lemma 3.3 it is enough to prove that P (Uu � k) is boundedby the expression in bra
kets in the right-hand member of (3.1). We haveP (Uu � k) � P (kX(2k�1)k1 � 
k) + P (Uu � k; kX(2k�1)k1 < 
k):Be
ause of Rolle's theorem:fUu � kg � fNu(X; I) � 2k � 1g;11



Applying Lemma 3.1 to the fun
tion X(:) � u and repla
ing in its statement k by2k � 1, we obtain:fUu � k; kX(2k�1)k1 < 
kg � fjX1=2 � uj � 
k22k�1 (2k � 1)!g:The remaining is plain.Proof of Theorem 3.1 :Introdu
e the notation ~�m := E(U [m℄u ) (m = 1; 2; :::). Using Lemma 3.4 and thehypothesis we obtain:~�mm! � 1m! 1Xk=m k[m℄
�m2�(k+1) == 
�mm! 2�(m+1) "� 11� x�(m) jx=1=2# = 
�mSin
e �m � ~�m we 
an apply Lemma 3.2 to the random variable � = Uu1IfX0�ugand the result follows from 
�m ! 0:RemarksOne 
an repla
e the 
ondition pX1=2(x) � D for all x by pX1=2(x) � D for x insome neighbourhood of u. In this 
ase, the statement of Theorem 3.1 holds if oneadds in (ii) that the error is bounded by 
�m0+1 for m0 large enough. The proof issimilar. Also, one may substitute the one-dimensional density pX1=2 by pXt for someother t 2 I, introdu
ing into the bounds the 
orresponding modi�
ations.The appli
ation of Theorem 3.1 requires an adequate 
hoi
e of the sequen
ef
k; k = 1; 2; :::g that depends on the available des
ription of the pro
ess X. Thewhole pro
edure will have some pra
ti
al interest for the 
omputation of P (M > u)only if we get appropriate bounds for the quantities 
�m and the fa
torial moments �m
an be a
tually 
omputed by means of Ri
e formulae (or by some other pro
edure).Below we show how this 
an be done for some 
lasses of pro
esses.Theorem 3.2 Let X be Gaussian, 
entered and stationary. Suppose that the spe
-tral moments �k (k = 0; 1; :::) are �nite, �0 = 1 and moreoverH1) �2k � C1(k!)2;for some 
onstant C1. Then the pro
ess satis�es the 
on
lusion of Theorem 3.1 sothat the Ri
e series 
onverges and gives the distribution fun
tion of M .12



Proof. It is 
lear that pX1=2(x) � D = (2�)�1=2. Let us show a sequen
e f
kg thatsatis�es (??). We haveP (kX(2k�1)k1 � 
k) � P (jX(2k�1)0 j � 
k) + 2P (U
k(X(2k�1); I) � 1) �� P (jZj � 
k��1=24k�2) + 2E(U
k(X(2k�1); I)); (16)where Z is standard normal. Note that fX(2k�1)t ; t 2 IRg is a Gaussian stationary
entered pro
ess with 
ovarian
e fun
tion ��(4k�2)(:). So we 
an use Ri
e formula(??) to 
ompute the se
ond term in the right-hand member of (16), taking intoa

ount that one has to res
ale the pro
ess by a fa
tor �1=24k�2 and that we haveup
rossings instead of 
rossings. Using the inequality 1 � �(x) � (1=x)�(x) validfor x > 0, one gets:P (kX(2k�1)k1 � 
k) � "r 2� �1=24k�2
k + (1=�)� �4k�4k�2�1=2# exp�� 
2k2�4k�2�Choose 
k := (B1k�4k�2)1=2 if �4k�4k�2 � B1k
k := (�4k)1=2 if �4k�4k�2 > B1k:Using hypothesis H1), if B1 > 1 :P (kX(2k�1)k1 � 
k) � "r 2� + 1� (B1k)1=2# e�B1k2 :Finally, 
hoosing B1 := 4log(2):
k �r2� (1 + 2(C1=21 + 1)k)2�2k (k = 1; 2; :::);so that (??) is satis�ed. As a by produ
t, note that
�m �r 8� (1 + 2(C1=21 + 1)m)2�m (m = 1; 2; :::): (17)Remarks 13



a) One 
an easily verify that 
ondition H1) implies that the 
ovarian
e � 
anbe extended to an analyti
 fun
tion in the dis
 fz : jzj < 2g of the 
omplex planeand that - almost 
onversely - if the Taylor series of � at the origin is absolutely
onvergent at z = 2 then H1) holds true.b) On the other hand, if one is willing to use Ri
e formulae to 
ompute thefa
torial moments �m, from remark e) after Proposition 2.1, it is enough to verifythat the distribution of Xt1 ; :::; Xtk ; X 0t1; :::; X 0tkis non-degenerate for any 
hoi
e of k = 1; 2; ::: (t1; :::; tk) 2 IknDk(I). For Gaussianstationary pro
esses a suÆ
ient 
ondition for non-degenera
y is the spe
tral measurenot to be purely atomi
. See Cram�er and Leadbetter (1967) for a proof. The samekind of argument permits to show that the 
on
lusion remains if the spe
tral measureis purely atomi
 and the set of its atoms has an a
umulation point in IR.If instead of requiring the paths of the pro
essX to be of 
lass C1, one relaxes this
ondition up to a 
ertain order of di�erentiability, one 
an still get upper and lowerbounds for P (M > u). The proof of the following statement is a straightforwardappli
ation of Lemma 3.2 and Proposition 2.2.Theorem 3.3 Let X = fXt : t 2 Ig be a real -valued sto
hasti
 pro
ess. Supposethat pXt(x) is bounded for t 2 I, x 2 IR and that the paths of X are of 
lass Cp+1.Then if 2K + 1 < p=2 : P (M > u) � P (X0 > u) + 2K+1Xm=1 (�1)m+1 �mm!and if 2K < p=2 : P (M > u) � P (X0 > u) + 2KXm=1(�1)m+1 �mm! :Note that all the moments in the above formulae are �nite.When the level u is high, the results by Piterbag (1981, 1996), whi
h were untilre
ently the sharpest known asymptoti
 bounds for the tail of the distribution of themaximum on a �xed interval of general Gaussian stationary pro
esses with regularpaths (see Bardet and Ws
hebor, 2000) for a re�nement) 
an be dedu
ed from theforegoing arguments. Here, only the �rst term in the Ri
e series takes part in theequivalent of P (M > u) as u ! +1. More pre
isely, if �4 < 1, it is not hard toprove that 14



0 �r�22��(u)� �1 � (
onst)e�u2(1+�)2 ;�2 � (
onst)e�u2(1+�)2 ;for a 
ertain � > 0. Lemma 3.2 implies that0 � 1� �(u) +r�22��(u)� P (M > u) � (
onst)e�u2(1+�)2 ; (18)whi
h is Piterbarg's result.3.2 Computational aspe
ts for smooth stationary Gaussianpro
essesNext, our aim is to 
ompare the numeri
al 
omputation based upon Theorem 3.1with the Monte-Carlo method based on the simulation of the paths. We do this forstationary Gaussian pro
esses that satisfy the hypotheses of Theorem 3.2 and alsothe non-degenera
y 
ondition that ensures that one is able to 
ompute the fa
torialmoments of 
rossings by means of Ri
e formulae (see remark b) after the statementof this Theorem). We also in
lude some examples in whi
h the distribution of themaximum is 
omputed by means of Theorem 3.3.Suppose that we want to 
ompute P (M > u) with an error bounded by Æ, whereÆ > 0 is a given positive number.To pro
eed by simulation, we dis
retize the paths by means of a uniform partitionftj := j=n; j = 0; 1; :::; ng: DenoteM (n) := sup0�j�nXtj :Using Taylor's formula at the time where the maximum M of X(:) o

urs, onegets : 0 �M �M (n) � kX 00k1=(2n2)It follows that0 � P (M > u)� P (M (n) > u) = P (M > u;M (n) � u) �� P (u < M � u+ kX 00k1=(2n2)):15



If we admit that the distribution of M has a lo
ally bounded density (whi
h is awell-known fa
t under the mentioned hypothesis) the above suggests that a numberof n = (
onst)Æ�1=2 points is required if one wants the mean error P (M > u) �P (M (n) > u) to be bounded by Æ.On the other hand, to estimate P (M (n) > u) by Monte-Carlo with a mean squareerror smaller than Æ, we require the simulation of N = (
onst)Æ�2 Gaussian n-tuples(Xt1 ; :::; Xtn) from the distribution determined by the given stationary pro
ess. Per-forming ea
h simulation demands (
onst)nlog(n) elementary operations (Dietri
hand Newsam, 1997). Summing up, the total mean number of elementary operationsrequired to get a mean square error bounded by Æ in the estimation of P (M > u)has the form (
onst)Æ�5=2log(1=Æ).Suppose now that we apply Theorem 3.1 to a Gaussian stationary 
entered pro-
ess verifying hypotheses H1) and the non-degenera
y 
ondition. The bound for 
�min Equation (3.1) implies that 
omputing a partial sum with (
onst)log(1=Æ) termsassures that the tail in the Ri
e series is bounded by Æ. If one 
omputes ea
h �mby means of a Monte-Carlo method for the multiple integrals appearing in the Ri
eformulae, then the number of elementary operations for the whole pro
edure willhave the form (
onst)Æ�2log(1=Æ). Hen
e, this is better than simulation as Æ tendsto zero.As usual, for given Æ > 0, the value of the generi
 
onstants de
ides the 
ompar-ison between both methods.More important is the fa
t that the enveloping property of the Ri
e series impliesthat the a
tual number of terms required by the appli
ation of Theorem 3.1 
anbe mu
h smaller than the one resulting from the a priori bound on 
�m. Morepre
isely, suppose that we have obtained ea
h numeri
al approximation ��m of �mwith a pre
ision � j��m � �mj � �;and that we stop when ��m0+1(m0 + 1)! � �: (19)Then, it follows that����� 1Xm=1 (�1)m+1 �mm! � m0Xm=1 (�1)m+1 ��mm! ����� � (e+ 1)�:Putting � = Æ=(e + 1), we get the desired bound. In other words one 
an pro�t ofthe su

essive numeri
al approximations of �m to determine a new m0 whi
h turns16



out to be - in 
ertain interesting examples - mu
h smaller than the one dedu
edfrom the a priori bound on 
�m.3.2.1 Computation of moments.An eÆ
ient numeri
al 
omputation of the fa
torial moments of 
rossings is asso
i-ated to a �ne des
ription of the behaviour as the k-tuple (t1; :::; tk) approa
hes thediagonal Dk(I), of the integrandseA+t1;:::;tk(u; :::; u) = Z[0;+1)m x01:::x0mpXt1 ;:::;Xtm;X0t1 ;:::;X0tm(u; :::; u; x01; :::x0m)dx01:::dx0m:At1;:::;tk(u) = Z u�1 dx Z[0;+1)m x01:::x0mpX0;Xt1 ;:::;Xtm;X0t1 ;:::;X0tm(x; u; :::; u; x01; :::x0m)dx01:::dx0m:that appear respe
tively in Ri
e formulae for the k�fa
torial moment of up
rossingsand the k�fa
torial moment of up
rossings with the additional 
ondition that X0 �u. For example in Aza�is, Cier
o and Croquette (1999) it is proved that if X isGaussian, stationary, 
entered and �8 is �nite, then the integrand eA+s;t(u; u) in the
omputation of ~�2 - the se
ond fa
torial moment of the number of up
rossings -satis�es: eA+s;t(u; u) ' 11296 (�2�6 � �24)3=2(�4 � �22)1=2 �2 �22 exp��12 �4�4 � �22u2� (t� s)4; (20)as t� s! 0.(??) 
an be extended to non-stationary Gaussian pro
esses obtaining an equiv-alen
e of the form: eA+s;t(u; u) ' J(et)(t� s)4 as s; t! et (21)where J(et) is a 
ontinuous non-zero fun
tion of et depending on u, that 
an be ex-pressed in terms of the mean and 
ovarian
e fun
tions of the pro
ess and its deriva-tives. We give a proof of an equivalen
e of the form (??) in the next proposition.One 
an pro�t of this equivalen
e to improve the numeri
al methods to 
ompute�2 (the se
ond fa
torial moment of the number of up
rossings restri
ted to X0 �u). Equivalen
e formulae su
h as (??) or (??) 
an be used to avoid numeri
aldegenera
ies near the diagonal D2(I). Note that even in 
ase X is stationary at thedeparture, under 
onditioning on X0; the pro
ess that must be taken into a

ount in17



the a
tual 
omputation of the fa
torial moments of up
rossings that appear in theRi
e series(3.1) will be non-stationary, so that equivalen
e (??) is the appropriatetool.Proposition 3.1 Suppose that X is a Gaussian pro
ess with C5 paths and that forea
h t 2 I the joint distribution of Xt; X 0t; X(2)t ; X(3)t does not degenerate.Then (??)holds true.Proof. Denote by � = ��1�2� a two-dimensional random ve
tor having as proba-bility distribution the 
onditional distribution of �X0sX0t� given Xs = Xt = u.One has: eA+s;t(u; u) = E ��+1 �+2 � pXs;Xt(u; u) (22)Put � = t� s and 
he
k the following Taylor expansions around the point s:E (�1) = m1� +m2� 2 + L1� 3 (23)E (�2) = �m1� +m02� 2 + L2� 3 (24)V ar (�) = � a� 2 + b� 3 + 
� 4 + �11� 5 � a� 2 � b+b02 � 3 + d� 4 + �12� 5�a� 2 � b+b02 � 3 + d� 4 + �12� 5 a� 2 + b0� 3 + 
0� 4 + �22� 5 � (25)where m1, m2, m02, a, b, 
, d, a', b', 
' are 
ontinuous fun
tions of s and L1, L2, �11,�12, �22 are bounded fun
tions of s and t. (??),(??) and (3.2.1) follow dire
tly fromthe regression formulae of the pair �X0sX0t� on the 
ondition Xs = Xt = u.Note that (as in Belyaiev, 1966 or Aza�is and Ws
hebor, 2000)V ar(�1) = detV ar(Xs; Xt; X 0s)TdetV ar(Xs; Xt)T = detV ar(Xs; X 0s; Xt �Xs � (t� s)X 0s)TdetV ar(Xs; Xt �Xs)TA dire
t 
omputation gives:detV ar(Xs; Xt)T t � 2 detV ar(Xs; X 0s)T (26)V ar(�1) t 14 detV ar(Xs; X 0s; X(2)s )TdetV ar(Xs; X 0s)T � 2where t denotes equivalen
e as � ! 0. So,a = 14 detV ar(Xs; X 0s; X(2)s )TdetV ar(Xs; X 0s)T18



whi
h is a 
ontinuous non-vanishing fun
tion for s 2 I. Note that the 
oeÆ
ient of� 3 in the Taylor expansion of Cov(�1; �2) is equal to � b+b02 . This follows either bydire
t 
omputation or noting that detV ar(�) is a symmetri
 fun
tion of the pairs; t:Put �(s; t) = detV ar(�)The behaviour of �(s; t) as s; t! et 
an be obtained by noting that�(s; t) = detV ar(Xs; Xt; X 0s; X 0t)TdetV ar(Xs; Xt)Tand applying Lemma 3.2 in Aza�is and Ws
hebor (2000) or Lemma 4.3, p.76 inPiterbarg (1996) whi
h provide an equivalent for the numerator, so that:�(s; t) t �(et)� 6 (27)with �(et) = 1144 detV ar(Xet; X 0et; X(2)et ; X(3)et )Tdet V ar(Xet; X 0et)TThe hypothesis implies that �(et) is 
ontinuous and non zero.Then:E ��+1 �+2 � = 12� [�(s; t)℄1=2 Z +10 Z +10 xy exp �� 12�(s; t)F (x; y)�dxdy (28)whereF (x; y) = V ar(�2)(x�E(�1))2+V ar(�1)(y�E(�2))2�2Cov(�1; �2)(x�E(�1))(y�E(�2))Substituting the expansions (??), (??), (3.2.1) in the integrand of (3.2.1) andmaking the 
hange of variables x = � 2v, y = � 2w we get, as s; t! et:E ��+1 �+2 � t � 52� ��(et)�1=2 Z +10 Z +10 vw exp �� 12�(et)F (v; w)�dvdw (29)�(et) 
an be also expressed in terms of the fun
tions a; b; 
; d; a0; b0; 
0:�(et) = a
0 + 
a0 + 2ad� �b� b02 �219



andF (v; w) = a (v �m2 + w �m02)2 +m21(
+ 
0 + 2d)�m1(b� b0)(v + w �m2 �m02)The fun
tions a; b; 
; d; b'; 
'; m1; m2 that appear in these formulae are all evaluatedat the point et.Repla
ing (3.2.1) and (3.2.1) into (??) one gets (??).For k � 3, the general behaviour of the fun
tions At1 ;:::;tk(u) and eA+t1;:::;tk(u; :::; u)when (t1; :::; tk) approa
hes the diagonal is not known. Proposition 3.3 , even thoughit 
ontains restri
tive 
onditions (it requires EfXtg = 0 and u = 0) 
an be appliedto improve the eÆ
ien
y in the 
omputation of the k � th fa
torial moments bymeans of a Monte-Carlo method, via the use of important sampling. More pre
isely,when 
omputing the integral of eA+t1;:::;tk(u) over Ik, instead of 
hoosing at randomthe point (t1; t2; :::; tk) in the 
ube Ik with a uniform distribution, we do it with aprobability law that has a density proportional to the fun
tion Q1�i<j�k (tj � ti)4.For its proof we will use the following auxiliary proposition, that has its own interestand extends (3.2.1) to any k.Proposition 3.2 Suppose that X = fXt : t 2 Ig is a Gaussian pro
ess de�ned onthe interval I of the real line with C2k�1 paths, k an integer, k � 2, and that thejoint distribution of �Xt; X 0t; ::::; X(2k�1)t � is non-degenerate for ea
h t 2 I. Then,if t1; t2; ::::; tk ! t� :� = detV ar(Xt1 ; X 0t1 ; :::; Xtk ; X 0tk)T t detV ar(Xt�; X 0t� ; :::; X(2k�1)t� )T[2!:3!::::(2k � 1)!℄2 Y1�i<j�k (tj � ti)8(30)Proof. With no loss of generality, we 
onsider only k�tuples (t1; t2; ::::; tk) su
hthat ti 6= tj if i 6= j.Suppose f : I �! IR is a fun
tion of 
lass C2m , m � 1; and t1; t2; ::::; tmare pairwise di�erent points in I: We use the following notations for interpolatingpolynomials:Pm(t; f) is the polynomial of degree 2m� 1 su
h thatPm(tj; f) = f(tj) and P 0m(t; f) = f 0(tj) for j = 1; :::; m:Qm(t; f) is the polynomial of degree 2m� 2 su
h thatQm(tj; f) = f(tj) for j = 1; :::; m ; Q0m(t; f) = f 0(tj) for j = 1; :::; m� 1:20



>From Lemma 3.1 we know thatf(t)� Pm(t; f) = 1(2m)!(t� t1)2::::(t� tm)2f (2m)(�) (31)f(t)�Qm(t; f) = 1(2m� 1)!(t� t1)2::::(t� tm�1)2(t� tm)f (2m�1)(�) (32)where � = �(t1; t2; ::::; tm; t); � = �(t1; t2; ::::; tm; t)and min(t1; t2; ::::; tm; t) � �; � � max(t1; t2; ::::; tm; t):Note that the fun
tiong(t) = f (2m�1)(�(t1; t2; ::::; tm; t)) = (2m� 1)! [f(t)�Qm(t; f)℄(t� t1)2::::(t� tm�1)2(t� tm)is di�erentiable at the point t = tm and di�erentiating in (3.2.1):f 0(tm)�Q0m(tm; f) = 1(2m� 1)!(tm� t1)2::::(tm � tm�1)2f (2m�1)(�(t1; t2; ::::; tm; tm))(33)Put �m = �(t1; t2; ::::; tm; tm); �m = �(t1; t2; ::::; tm; tm):Sin
e Pm(t; f) is a linear fun
tional of(f(t1); :::; f(tm); f 0(t1); :::; f 0(tm))and Qm(t; f) is a linear fun
tional of(f(t1); :::; f(tm); f 0(t1); :::; f 0(tm�1))with 
oeÆ
ients depending (in both 
ases) only on t1; t2; ::::; tm; t; it follows that:� = detV ar�Xt1 ; X 0t1 ; Xt2 � P1(t2;X); X 0t2 �Q02(t2; X); ::::::; Xtk � Pk�1(tk;X); X 0tk �Q0k(tk;X)�T == detV ar�Xt1 ; X 0t1 ; 12!(t2 � t1)2X(2)�1 ; 13!(t2 � t1)2X(3)�2 ; ::::::; 1(2k � 2)!(tk�t1)2:::(tk�tk�1)2X(2k�2)�k�1 ; 1(2k � 1)!(tk�t1)2:::(tk�tk�1)2X(2k�1)�k�1 �T == e�[2!:::(2k � 1)!℄2 Y1�i<j�k(tj � ti)821



withe� = detV ar�Xt1 ; X 0t1 ; X(2)�1 ; X(3)�2 ; :::; X(2k�2)�k�1 ; X(2k�1)�k�1 �T !! detV ar(Xt�; X 0t� ; :::; X(2k�1)t� )Tas t1; t2; ::::; tk ! t�. This proves (3.2.1).Proposition 3.3 Suppose that X is a 
entered Gaussian pro
ess with C2k�1 pathsand that for ea
h pairwise distin
t values of the parameter t1; t2; :::; tk 2 I the jointdistribution of (Xth ; X 0th; ::::; X(2k�1)th ; h = 1; 2; :::; k) is non-degenerate. Then, ast1; t2; :::; tk ! t�: eA+t1;:::;tk(0; :::; 0) t Jk(t�) Y1�i<j�k(tj � ti)4where Jk(t) is a 
ontinuous non-zero fun
tion of t:Proof. Introdu
e the notationDk(t) = det V ar(Xt; X 0t; ::::; X(k)t )TIn the same way as in the proof of Proposition 3.2 and with a simpler 
omputation,it follows that as t1; t2; :::; tk ! t�detV ar(Xt1 ; Xt2 ; :::; Xtk)T t 1[2!:::::(k � 1)!℄2 " Y1�i<j�k(tj � ti)2# : Dk�1(t�): (34)For pairwise di�erent values t1; t2; :::; tk, let Z = (Z1; :::; Zk)T be a random ve
torhaving the 
onditional distribution of (X 0t1 ; ::::; X 0tk)T given Xt1 = Xt2 = ::: = Xtk =0: The (Gaussian) distribution of Z is 
entered and we denote its 
ovarian
e matrixby �. Also put: ��1 = 1det(�) ��ij�i;j=1;:::;k�ij being the 
ofa
tor of the position (i; j) in the matrix �. Then, one 
an write:eA+t1;:::;tk(0; :::; 0) = E �Z+1 :::Z+k 	 : pXt1 ;:::;Xtk (0; :::; 0) (35)andeA+t1;:::;tk(0; :::; 0) = 1(2�) k2 (det(�)) 12 Z(R+)k x1:::xk exp ��F (x1; :::; xk)2: det(�) � dx1:::dxk(36)22



where F (x1; :::; xk) = kXi;j=1�ijxixj:Letting t1; t2; :::; tk ! t� and using (3.2.1) and (3.2.1) we get:det(�) = detV ar(Xt1 ; X 0t1 ; :::; Xtk ; X 0tk)TdetV ar(Xt1 ; :::; Xtk)T tt 1[k!:::::(2k � 1)!℄2 " Y1�i<j�k(tj � ti)6# :D2k�1(t�)Dk�1(t�) :We 
onsider now the behaviour of the �ij(i; j = 1; :::; k). Let us �rst look at �11:Using the same method as above, now applied to the 
ofa
tor of the position (1; 1)in �, one has:�11 = detV ar(Xt1 ; Xt2 ; :::; Xtk ; X 0t2 ; :::; X 0tk)TdetV ar(Xt1 ; :::; Xtk)T tt 1[2!:::(2k�2)!℄2 hQ2�i<j�k(tj � ti)8i �Q2�h�k(t1 � th)4�D2k�2(t�)1[2!:::::(k�1)!℄2 hQ1�i<j�k(tj � ti)2i Dk�1(t�) == 1[k!:::(2k � 2)!℄2 " Y2�i<j�k(tj � ti)6#" Y2�h�k(t1 � th)2# D2k�2(t�)Dk�1(t�)A similar 
omputation holds for �ii; i = 2; :::; k:Consider now �12. One has:�12 = �det �E �(Xt1 ; Xt2 ; :::; Xtk ; X 0t2 ; :::; X 0tk)T :(Xt1 ; Xt2 ; :::; Xtk ; X 0t1 ; X 0t3 :::; X 0tk)	�detV ar(Xt1 ; :::; Xtk)T == det �E �(Xt2 ; X 0t2 ; :::; Xtk ; X 0tk ; Xt1)T :(Xt1 ; X 0t1 ; Xt3 ; X 0t3 ; :::; Xtk ; X 0tk ; Xt2)	�det V ar(Xt1 ; :::; Xtk)T tt 1[k!:::(2k � 2)!℄2 " Y3�i<j�k(tj � ti)6#" Y3�h�k(t1 � th)4(t2 � th)4# (t2�t1)2:D2k�2(t�)Dk�1(t�)A similar 
omputation applies to all the 
ofa
tors �ij; i 6= j.23



Now we perform in the integral in (3.2.1) the 
hange of variablesxj = " i=kYi=1;i6=j(ti � tj)2# : yj j = 1; :::; kand the integral be
omes:" Y1�i<j�k(tj � ti)8# Z(R+)k y1:::yk exp �� 12: det(�)G(y1; :::; yk)� dy1:::dykwhere G(y1; :::; yk) = kXi;j=1�ij " h=kYh=1;h6=i(th � ti)2#" h=kYh=1;h6=j(th � tj)2# yi yj:so that, as t1; t2; :::; tk ! t�G(y1; :::; yk)det(�) t [(2k � 1)!℄2 D2k�2(t�)D2k�1(t�)  i=kXi=1 yi!2Now, passage to the limit under the integral sign in (3.2.1), whi
h is easily justi�edby appli
ation of the Lebesgue Theorem, leads toE �Z+1 :::Z+k 	 t 1(2�) k2 k!:::(2k � 1)!" Y1�i<j�k jtj � tij5#� Dk�1(t�)D2k�1(t�)� 12 Ik(��)where Ik(�); � > 0 isIk(�) = Z(R+)k y1:::yk exp24��2  i=kXi=1 yi!235 dy1:::dyk = 1�k Ik(1)and �� = [(2k � 1)!℄2 D2k�2(t�)D2k�1(t�)Repla
ing into (??) one gets the result withJk(t) = 2!:::(2k � 2)![2�(2k � 1)!℄2k�1 Ik(1)[D2k�1(t)℄ 12 �D2k�1(t)D2k�2(t)�kThis �nishes the proof. 24



Numeri
al examplesWe give here several examples of the 
omputation of the distribution fun
tion of Mfor stationary 
entered Gaussian pro
esses. The examples are listed in the followingtable where the 
ovarian
es and the 
orresponding spe
tral densities are indi
ated.pro
ess 
ovarian
e spe
tral densityX1 �1(t) = exp(�t2=2) f1(x) = (2�)�1=2exp(�x2=2)X2 �2(t) = (
h(t))�1 f2(x) = �2
h((�x)=2)��1X3 �3(t) = �31=2t��1sin(31=2t) f3(x) = 12�1=21If�p3<x<p3gX4 �4(t) = e�jp5tj(p53 jtj3 + 2t2 +p5jtj+ 1) f4(x) = 104p5�(5 + x2)�4In all 
ases, �0 = �2 = 1 to be able to 
ompare the various results. Note that �1 and�3 have analyti
 extensions to the whole plane, so that Theorem 3.2 applies to thepro
esses X1 and X3. On the other hand, even though all spe
tral moments of thepro
ess X2 are �nite, Theorem 3.2 does not apply sin
e the meromorphi
 extensionof �2(:) has poles at the points i�=2 + k�i, k an integer, whi
h means that H1)does not hold. With respe
t to �4(:) noti
e that it is obtained as the 
onvolution�5 � �5 � �5 � �5 where �5(t) := e�jtj is the 
ovarian
e of the Ornstein-Uhlenbe
kpro
ess, plus a 
hange of s
ale to get �0 = �2 = 1. The pro
ess X4 has �6 < 1and �8 = 1 and its paths are C3. So, for the pro
esses X2 and X4 we applyTheorem 3.3 to 
ompute F (T; u). The table below, whi
h is extra
ted from thework of Croquette (1999) 
ontains the results for T = 1 and T = 4 and the valuesu = �3;�2;�1; 0; 1; 2; 3: In all 
ases the error is smaller than 10�4 ex
ept for thevalues indi
ated with a * for whi
h it is smaller than 10�3.�1 �1 �2 �2 �3 �3 �4 �4u T = 1 T = 4 T = 1 T = 4 T = 1 T = 4 T = 1 T = 4�3 0:0001 0:0000 0:0002 0:0000 0:0001 0:0000 0:0002 0:0000�2 0:0056 0:0000 0:0062 0:0012 0:0050 0:0000 0:0060 0:0000�1 0:0721 0:0038 0:0753 0:0142 0:0692 0:002� 0:0747 0:004�0 0:3473 0:0986 0:3517 0:1245 0:3437 0:081� 0:3508 0:108�1 0:7459 0:5081 0:7475 0:5252 0:7450 0:4948 0:7472 0:517�2 0:9558 0:8933 0:9559 0:8954 0:9557 0:8922 0:9559 0:89453 0:9969 0:9916 0:9969 0:9916 0:9969 0:9916 0:9969 0:9916For T = 1 the results are very 
lose to using only the �rst term in the Ri
e seriesin (3.1), so they are very similar between themselves, be
ause of �0 = �2 = 1. ForT = 4 three or four terms of the Ri
e series are needed to get the desired pre
ision.25



3.3 Pro
esses with 
ontinuous pathsThis subse
tion is devoted to a modi�
ation of Theorem 3.1 to in
lude pro
essesthat do not have C1 paths. This is done using a regularisation of the paths by
onvolution with a deterministi
 approximation of unity. For simpli
ity, we willlimit ourselves to the 
ase of Gaussian kernels. Other kernels 
an be used in asimilar way.Suppose X = fXt : t 2 [0; 1℄g, is a sto
hasti
 pro
ess with 
ontinuous paths. Let� be a positive real number, we de�neX"(t) := (�" �X(:))(t) = Z +1�1 �"(t� s)Xsds; (37)where �"(t) := (2�)�1=2(�)�1e�t2=2�2 ; t 2 IR;and in (3.3) we have extended X(:) by X0 (respe
tively X1) for t � 0 (respe
tivelyt � 1). Denote by M "; �"m; ::: the analogous to M; �m; ::: for the pro
ess X" =fX"(t); t 2 [0; 1℄g instead of X. !f(:) denotes the 
ontinuity modulus of the fun
tionf de�ned on [0; 1℄.Theorem 3.4 With the above notations, suppose that the following 
onditions hold:a) pX"(1=2)(x) is bounded by a 
onstant D1 for � small enough.b) E(kXk1) <1.
) The distribution of M has no atoms.Then:(i) P (M > u) = P (X0 > u) + lim�!0 1Xm=1(�1)m+1 �"mm! (38)(ii) In formula (??) the error, when one repla
es the limit by a given � (0 < � <�0 := e�2) and the in�nite sum by the m0 partial sum is bounded by:[32D1E(kXk1)℄1=2	�;�m0+1 + P (jX0 � uj < �) + P (u < M � u+ �)++ P (!X(Æ(�) � �=2) + P (kXk1 > p2��8� ) (39)for ea
h � > 0, Where Æ(�) := �(2log(1=�)1=226



	�;�m := supk�m �[(2k � 1)!℄1=2�2k�1��1=2 :Note: If one wishes the bound for the error in Formula (39) to be smaller thansome positive number, pro
eed a

ording to the following steps:1) 
hoose � > 0 so that the se
ond and third terms are small;2) with that value of � 
hoose � > 0 , so that the fourth and �fth terms are small;3) 
hoose m0 large enough to make the �rst term small.Proof: Consider the eventsE1 := fjX0 � uj < �g; E2 := fu < M � u+ �g;E3 := f!X(Æ(�)) � �=2g; E4 := fkXk1 > p2��4� gE := E1 [ E2 [ E3 [ E4:Observe that if ! =2 E and � < �0, thenjX"(t)�Xtj � Z +1�1 ��(t�s)jXs�Xtjds � !X(Æ(�))+2kXk1 Zjt�sj>Æ(�) �"(t�s)ds < �Using this relation one gets:P (M > u;X0 � u) � P (M > u+ �;X0 � u� �; E
) + P (E) �� P (M " > u;X"(0) < u) + P (E) � P (U "u � 1; X"(0) < u) + P (E):AlsoP (U "u � 1; X"(0) � u;E
) � P (U "u � 1; X"(0) � u;X0 � u� �; E
) �� P (M > u;X0 � u� �) � P (M > u;X0 � u):Summing up:P (X0 > u) + P (U "u � 1; X"(0) � u)� P (E) � P (M > u) �� P (X0 > u) + P (U "u � 1; X"(0) � u) + P (E):To 
ompute P (U "u � 1; X"(0) � u) we apply the same method as in the proof ofTheorem 3.1. For that purpose, we need to show that the pro
ess X" satis�es the27




onditions for an appropriate 
hoi
e of the sequen
e f
k; k = 1; 2; :::g. Denoting byHk(s), the k-th Hermite polynomial, we have:jX�(k)(t)j � ��(k+1)kXk1 Z +1�1 j�(k)((t� s)=�)jds = ��kkXk1 Z +1�1 j�(k)(u)jdu= ��kkXk1k! Z +1�1 jHk(s)j�(s)ds � ��kkXk1k!�Z +1�1 (Hk(s))2�(s)ds�1=2= ��kkXk1(k!)1=2:So,
"k = P (kX�(2k�1)k1 � 
k) + D1
k22k�1(2k � 1)!� ((2k � 1)!)1=2�2k�1
k E(kXk1) + D1
k22k�1(2k � 1)!Choosing 
k := �((2k � 1)!)3=2E(kXk1)(�=2)2k�1D1 �1=2 :we obtain 
"k � 2�k � 8D1E(kXk1)�2k�1((2k � 1)!)1=2�1=2 :Hen
e, 
��m = supk�m(2k+1
"k) � [32D1E(kXk1)℄1=2	�;�m :The remaining follows as in the proof of Theorem 3.1.Remarks and examplesA) Conditions a), b) and 
) in Theorem 3.4 are usually non trivial to 
he
k andthe a priori estimation of the error 
an be a hard problem. Moreover, when this
an be a
tually done, the validity of Ri
e formulae and the feasibility of the methodstill remains a problem if one is willing to use Theorem 3.4 as a tool for numeri
al
omputation. For a given error, smaller � > 0 implies larger m0 and the usefulnessof Theorem 3.4 for numeri
al appli
ations is limited. The bound in (39) shows thata priori we require at least m0 ' (1=2)��2 terms in the sum as �! 0.B) Let X be a Gaussian pro
ess with 
ontinuous paths andm(t) := E(Xt) ; �2(t) := V ar(Xt) > 028



be the (
ontinuous) mean and varian
e of Xt. Condition a) in Theorem 3.4 followseasily together with bounds on D1 and P (E1).Condition b) is well-known from 
lassi
al results on Gaussian pro
esses (Fer-nique, (1974)) that also give bounds on E(kXk1) and on the tail probabilityP (kXk1 > a) from additional information on the pro
ess X (see Adler, (1990),Borell, (1975), Ledoux and Talagrand, (1991), Ledoux, (1996), Sun (1993) and ref-eren
es therein). This implies bounds on P (E4).Condition 
) is Ylvisaker's theorem (1968). A priori bounds on P (E2) followfrom bounds on the density of the distribution of the random variable M , resultingfrom additional 
onditions on the Gaussian pro
ess X (see Diebolt and Posse (1996)and referen
es therein, Weber (1985), Aza�is and Ws
hebor (1999, 2000).P (E3) 
an be bounded using the 
lassi
al methods to study the 
ontinuity modulusof a sto
hasti
 pro
ess, for example, if the in
remental varian
e Vt(h) = E((Xt+h �Xt)2) is given (see for example Cram�er and Leadbetter (1967)).C) Theorem 3.4 
an be applied to one-dimensional di�usions satisfying 
ertainassumptions. Let fXt : t � 0g be the strong solution of the sto
hasti
 di�erentialequation dXt = �(t; Xt)dWt + b(t; Xt)dt ; X0 = xo;where fWt : t � 0g stands for the standard Brownian motion, �; b : IR+�IR! IR are
ontinuous and ���x ; �b�x are 
ontinuous and bounded and x0 2 IR. We also assumethat �(t; x) � �0 > 0 ; t 2 IR+; x 2 IR:The methods employed in Aza�is (1989) or Nualart and Ws
hebor (1991) permit toprove that pX"(t) exists and is a bounded fun
tion for t 2 [Æ; 1℄ for ea
h Æ > 0; 0 <� < �0(Æ): Condition b) is standard and well known. As for 
ondition 
), it followsas in Nualart and Vives (1988) using sto
hasti
 
al
ulus of variations.Hen
e, Theorem 3.4 
an be used to obtain formula (??) for P (MÆ > u);MÆ :=maxÆ�t�1Xt and bounds having the form (39) for the error. Adding an elementarybound on the lo
al os
illation P (max0�t�Æ jXt�x0j � �), one is able to get P (M > u)with a 
ontrolled error. On the other hand, an obsta
le to have an a
tual numeri
al
omputation for P (M > u) is the la
k of a good des
ription of the joint densitiesof X"(t); X"0(t) at the k-tuple (t1; :::; tk) to be used in Ri
e formulae. This problemdoes not have yet a satisfa
tory solution.D) Even though polygonal approximations are not di�erentiable, they 
an beused instead of smoothing in Theorem 3.4. In this 
ase, the advantage is that thenumber of terms in the Ri
e series is �nite. We will not pursue the subje
t here.29
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