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(Heteroskedastic-consistent standard errors in parenthesis.)

To fit a TAR model, it is necessary to choose the region r over which to let

the unidentified parameters vary (in this case, 'Y and d). As before, I let 'Y vary

from the 15th to the 85th percentile of the empirical distribution of ~yt For the

delay parameter, d, I let it take on the values 1 , 2 and 5.

Maximizing the sum of squared errors, the estimates for the threshold

parameters are a= 2 and ;. = 0.27. This is surprisingly close to the values d =

2 and 'Y = 0 chosen by Potter's informal identification methods. With these

parameters, we find the following estimates for the TAR model

Regime 1 (~Yt-2 < 0.266)

~Yt - -3.21 + 0.51 ~Yt-l - 0.93 ~Yt-2 + 0.38 ~Yt-5 + et
(1.78) (0.19) (0.26) (0.20)

Regime 2 (~Yt-2 > 0.266)

~Yt - 2.14 + 0.30 ~Yt-l + 0.18 ~Yt-2 - 0.16 ~Yt-5 + et
(0.73) (0.10) (0.09) (0.07)

2R = 0.26 .

The SupW and SupLM tests for the null hypothesis of linearity, with end without

heteroskedasticity corrections, are reported in Table 4. If no correction is made for

heteroskedasticity, both the SupW and SupLM tests reject linearity at the 5% level.

When corrected for heteroskedasticity, however, the SupLM test ceases to be

statistically significant. This is difficult to explain since the innovations do not appear

to be heteroskedastic.
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Table 4.
Tests of a SETAR vs a TAR

Standard
SupW
SupLM

Hetero Consistent
SupW
SupLM

Statistic

21.0
18.7

18.0
14.1

P-value

0.02
0.04

0.06
0.21

Figure 1 displays a plot of the Wald test statistics for d = 2 and the

sequence of possible values of 'Y. The plot shows that the value 1- =:: 0 is clearly

chosen by the data. The figure also displays the 10%, 5% and 1% critical values

obtained from the simulated distribution for the test statistic. Note that these critical

values are substantially higher than those from a conventional chi-square table. To

make this point clear, figure 2 displays plots of three probability densities: the X2(4),

the X2(8) and the density estimated for SupW for this data set. The latter was

estimated from the simulated empirical distribution using a normal kernel. The X2(4)

would be the appropriate asymptotic distribution if the parameters d and 'Y were

known a priori, and are implicitly those used in common practice. The x2(8) is also

displayed to counter any illusion that an appropriate rule-of thumb might be to

double the degrees of freedom. The estimated density function is substantially to the

right of the X2(8). This figure makes plain the fact that unidentified nuisance

parameters should not be ignored when making inferences. The distributions are

non-standard, and may be dramatically so.

This empirical exercise has uncovered the following surprising results. First, the

threshold parameters chosen by Potter (1991) for this series using informal methods are

essential the same as those chosen by a classic least squares criterion. Second, even

after the selection of this potentially unidentified parameters is taken into account, the
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linear model can be (marginally) rejected in favor of a SETAR alternative. This lends

considerable support to the view that non-linearities are important in properly

specified conditional expectations for macroeconomic time series.
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APPENDIX

We will frequently use the following result due to Andrews (1990a).

Lemma A. If A is compact, 0n(>') - G(>') is stochastically equicontinuous and for

all

....... O.
p

Proof of Theorem 1.

(i) Fix e > O. By assumption lev), for all "Y E I' , there exists some 6b) > 0

such that

inf [Q(60'''Y) - Q(6,"Y)] = 6( "Y) .

118-6011 ~ e

Note that the region {6: 118-6011 ~ e] is compact under assumption lei). By the

maximum theorem, 6("Y) is continuous on f, so {6("Y) : "Y E I'] is compact, thus

6 = min 7Ef 6( 'Y) > 0 ,

and

min inf [Q(60' ''Y) - Q(6,"Y)] = 6.

"Y Er 118-6011 ~ e

It therefore follows that {[Q(60''Y) - Q(Ob),"Y)] < 6} implies {II O( 'Y) - 6011 < e] ,

and thus

P[sup] O( 'Y) - 6011 ~ e]
'YEf

The result follows if

~ P{sup [Q(60''Y) - Q(Ob),'Y)] < 6} .
'YEf

sup [Q(60''Y) - Q(O("Y),"Y)]
"YEf

....... O.p
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Indeed,

o < ~¥ [Q(00,1) - Q(O(1),1)]

- ~¥ [Q(00,1) - Qn(8(1),1) + Qn(8(1),1) - Q(O(1),1)]

< sup [Q(00,1) - Qn(00,1) + Qn(O(-Y),1) - Q(O(1),1)]
1er

< sup IQ(00,1) - Qn(00,1)1 + sup IQ(O(1),1) - Qn(O(1),1)\
~r ~r

< 2 sup sup IQ(0,1) - Qn(0,1) I -+p 0,
1er OeB

by Lemma A.

(ii) < supIO(1) - °0 1 -+ 0
Oer p

by part (i).

Proof of Theorem 3.

o

LRn - 2n[Qn(O,1) - Qn(O)]

- 2n[sup Qn(O(1),1) - Qn(O)]
1er

- sup 2n [Qn(O(1),1) - Qn(O)] = sup LRn(1) . 0
~r ~r

Proof of Theorem 4 (a): Here and elsewhere superscripts will denote elements of

vectors and matrices. For example, S: will denote the a'th element of the vector

Sn and M:b will denote the a-b'th element of the matrix Mn.

For each 1 e r , the first order conditions for 0(1) are



38

Expand each first order condition (for each value of 'Y) about Bo

(AI)

where 0*( 'Y) is on a line segment joining Bo and D( 'Y). Now

(A2) SUpIM:b(o*('Y),'Y) - Mab(Bo''Y)I
'Yer

~ sup\M:b(o*('Y),'Y) - Mab(O*('Y),'Y)I
'Yer

< sup IM:b(B,'Y) - Mab(B,'Y)\

(B,'Y)e%

+ sup IMab(O*("(),'Y) - Mab(Bo''Y)I
"fEr

+ 0p(l) < 0p(l).

The second inequality exploits the assumed continuity of M(.,.) (assumption 3 (i))

and the fact that O*("() -p Bo uniformly in 'Y. The final inequality follows from

Lemma A. Stacking the row vectors M:(O*('Y),'Y) into a matrix M~('Y), (AI), (A2),

assumption 3 (iv)(v) and the continuous mapping theorem (CMT) give

Proof of Theorem 4(b): Since iJ( 'Y) -p 00 uniformly in 'Y, and hrf...) is

continuous in 8c'

(A3) -p

uniformly in 'Y. Similarly,

(A4) 0n(D('Y),'Y) = Mn(8('Y),'Y)-1 V(D('Y),'Y) Mn(D('Y),'Y)-1

-p M("()-l V('Y) M('Y)-l - O('Y) ,

uniformly in 'Y e r.

Expand each element of the vector h(D("()) about Bo :

Jiiha(D( 'Y)) = Jiiha(00) + he(0*(,,())Jii( D("() - Bo)
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Thus by (A3), part (a), and the CMT,

(AS) Jiih(O(1)) ~ hrt0o) M(1)-lS(1) .

which when combined with (A4), yields the result. n

Proof of Theorem 4 (c): Expand each element of Sn(O,1) about 00:

S:(O,1) = Sn(00,1) - M:(0*(1),1)(8-00)

where 0*(1) lies on a line segment between 00 and 7J. Since 0 --+p 00' the

argument of (A2) allows us to rewrite this as

(A6)

where M*(1) --+p M(1), uniformly in 1 e r .

Expand each element of h(O) about °
0

:

ha(O) = ha( 00) + h~0*)(8-00) ,

or, stacking equations, and using h(O) = h( 00) = 0 ,

(A7)

where he --+p ho.
For n sufficiently large, there exists a Lagrange multiplier vector X which

satisfies

(A8)

where hO= hrt0). (A8), (A6), (A7), and assumption 3 (v) combine to yield,

(A9) ..fD. he M~(1)-lhoX = ..fD. he M~(1)-lSn(7J,1)

- ..fD. he M~(1)-lSn(00,1) - ..fD. he (8-00)
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Therefore

(AIO) JD. Sn(O,'Y) - JD. he). = he[ho M~('Y)-lfie]-lho M~('}')-lJD. SnU'o''Y)

~ he[heM('Y)-lhe] -lheM('}')-lS('}')

and

(All) S(1') .

(A4) and (All) combined with the CMT complete the proof.

Proof of Theorem 4 (d). First note that by a second-order Taylor's expansion of

Qn(O) about 0(1'), and the first order conditions for estimation of O('}'),

(A12) LRn('Y) = 2n[Qn(0('}'),'Y) - Qn(O)]

- - 2nSn(0('Y),'Y)(0 - 0(1')) + (0 - O('Y))'Mn(O*('}'),'Y)(O - 0(1'))

- JD.(O - O('Y))'M~('}')Jii(O - O('}')),

where M~( 1') = Mn(0*(1'),1') .....p M(1') , uniformly in l' E r .
Expanding each element of Sn(O,'Y) about 0(1') and stacking we find

(A13) Sn(O,'Y) = Sn(O(1'),1') - M**( 'Y)Jii(O - 0(1')) - - M**( 'Y)Jii(O - 0(1')) ,

where M*(1') .....p M(1'), uniformly in l' E r. (A13) and (AIO) give

(A14) In(O - 0(1')) - - M**( 'Y)-lSn(O,'Y)

~ - M('Y)-lhe[heM('Y)-lhe]-lheM('}')-lS('Y) .

(A12) and (A14) combine to yield

~ S('}')'M( 'Y)-lhe[heM('Y)-lhe]-lheM( 'Y)-1S(1')

S('}')' [heM('Y)-lhe]-lS(1') = C*(1') . []
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~

Proof of Theorem 4. A corollary to Theorem 3 is that 'Y = Argmax LR ('Y) .
'YE r n

Part (a) follows from LRn( 'Y) ~ C('Y) and the CMT. Now

Wn = W (;.) ~ C[Argmax C( 'Y)] - sup C( 'Y) ,
n 'YE r 'YEr

and similarly for LMn. The results for SupWn and LMn follow directly from

Theorem 4 (b) (c) and the CMT. 0

Proof of Theorem 6.

(a)

(b)

(c)

(d)

(e)

~

'Y = Argmax LR ('Y) ~ Argmax C*('Y) ;
'YEr n 'YEr

LRn - sup LRn( 'Y) ~ sup C*('Y) ;
'YEr 'YEr

Wn - W (;.) ~ C[Argmax C*( 'Y)] ;
n 'YE r

LM = LM (;.) ~ C[Argmax C*( 'Y)] ;
n n 'YE r

SupWn = sup Wn( 'Y) ~ sup C( 'Y) ;
'YEr 'YEr

SupLMn = sup LMn( 'Y) ~ sup C( 'Y) .
'YEr 'YEr

n
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