Econometrica, Vol. 64, No. 2 (March, 1996), 413-430

INFERENCE WHEN A NUISANCE PARAMETER IS NOT
IDENTIFIED UNDER THE NULL HYPOTHESIS

BY BrUCE E. HANSEN!

Many econometric testing problems involve nuisance parameters which are not identi-
fied under the null hypotheses. This paper studies the asymptotic distribution theory for
such tests. The asymptotic distributions of standard test statistics are described as
functionals of chi-square processes. In general, the distributions depend upon a large
number of unknown parameters. We show that a transformation based upon a conditional
probability measure yields an asymptotic distribution free of nuisance parameters, and we
show that this transformation can be easily approximated via simulation. The theory is
applied to threshold models, with special attention given to the so-called self-exciting
threshold autoregressive model. Monte Carlo methods are used to assess the finite sample
distributions. The tests are applied to U.S. GNP growth rates, and we find that Potter’s
(1995) threshold effect in this series can be possibly explained by sampling variation.

KEYWORDS: Asymptotic theory, nonlinear models, thresholds, identification, p-values,
hypothesis testing.

1. INTRODUCTION

THIS PAPER STUDIES THE PROBLEM of inference in the presence of nuisance
parameters which are not identified under the null hypothesis. The models
considered take the form of additive nonlinearity, allowing for stochastic regres-
sors and weak dependence. The asymptotic distributions of standard tests are
nonstandard and nonsimilar, which means (among other things) that tabulation
of critical values is impossible. This paper proposes a conditional transformation
which is analogous to an asymptotic p-value, and has an asymptotic uniform
distribution under the null hypothesis. The transformation is not directly calcu-
lable, but can be approximated using simple simulation techniques.

There are many econometric hypotheses of interest with unidentified nui-
sance parameters. Some examples include: (i) common (canceling) ARMA roots;
(ii) no ARCH effect in a GARCH or ARCH-M model; (iii) constancy of a
regression coefficient with the alternative that it follows an AR(1) process; (iv) a
single regime or state against the alternative of multiple regimes. For brevity,
this paper does not explicitly examine these cases, although the methods of this
paper can be extended to handle these cases as well.

"This research was funded by a research grant from the National Science Foundation and a
research fellowship from the Alfred P. Sloan Foundation. I gratefully acknowledge helpful conversa-
tions with Donald Andrews, Adrian Pagan, Simon Potter, and Halbert White. Insightful comments
on earlier drafts by the co-editor and two referees led to a substantial rewriting of the paper.

) ’An earlier version of this paper (Hansen (1991)) used a more general notational framework
which included nonlinear maximum likelihood estimation.
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This paper concentrates on regression models with additive nonlinearity,
which take the form y,=x,a+h(z,y)' 0+ ¢, Here, the null hypothesis of
interest is whether the nonlinear term h(z,,y) enters the regression. When
6 = 0 the parameter vy is not identified. Specific examples of additive nonlinear-
ity include the following. (i) Box-Cox transformations: h(z,,y) = (27 —1)/; (ii)
structural change: A(z,,y) ={t/n < y}z, where {-} is the indicator function; (iii)
threshold models: h(z,,y) ={z, < y}z,; (iv) Bieren’s (1990) consistent tests of
functional form: h(z,,y) = exp(y’z,); (v) White’s (1989) neural network tests of
functional form: h(z,,y) = ¢(y'z,), where (-) is the logistic function.

There have been several recent papers on the subject of unidentified nuisance
parameters which examine related issues. Andrews (1993b) analyzed tests for
structural change. Andrews and Ploberger (1994) explore optimal testing but do
not discuss methods to obtain critical values in practice. Andrews (1993a)
discusses a range of econometric examples which suffer from the problem of
unidentified nuisance parameters. King and Shively (1991) discuss the merits
and difficulties of reparameterization as a means to handle the problem.
Stinchcombe and White (1993) examine White’s neural network tests. All of
these papers investigate different aspects of the problem and should be viewed
as complementary to the results of this paper.

In the next section, we introduce additive nonlinear regression and discuss
pointwise and global test statistics. Section 3 introduces the conditional p-value
transformation. Section 4 examines threshold regression, including the self-excit-
ing threshold autoregressive (SETAR) model of Tong (1983). A Monte Carlo
study is reported in Section 5. We find that the LM-based tests have excellent
size and good power. In Section 6, we apply these tests to Potter’s (1995)
SETAR model of U.S. GNP and find that the apparent “significant” threshold
effect may be explained by sampling error. Section 7 contains a brief conclusion.
Proofs are left to an Appendix. Concerning notation, let | Al = (tr(A4’A))/?
denote the Euclidean norm of a matrix A, let || All, = (E|A|")Y" denote the

"-norm of a random matrix, and let = denote weak convergence with respect
to the uniform metric.

2. FRAMEWORK AND TEST STATISTICS

The data is {w,=(y,x,):t=1,...,n}, which is a draw from some underlying
probability space, and satisfies the regression relationship y, =xj,B; +
h(x,,v) B, + &,, where x;, is a k; X 1 subvector of the k vector x,, and ¢, is a
real-valued martingale difference sequence with respect to some increasing set
of sigma-fields 7, to which &, and x,, , are adapted, and Es? = 0% < . y takes
values in I', a bounded subset of RY, and the function A(-,-) maps R* X I" into
R™. We will typically write h(x,,y) more simply as &,(y). It will be convenient
to write the model in the alternate form

¢)) y=x(y)B+¢
where x,(y) = (x,h,(y)) and B=(B;B;)".
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The question of interest is whether the nonlinear term A,(y) enters the
regression, that is, whether B, = 0. The distributional theory will be facilitated
by a local-to-null reparameterization: B, =c/vVn. The null hypothesis is H,:
¢ = 0 with alternative H, :c # 0. The test is nonstandard since y does not enter
the regression (and therefore is not identified) under H,.

_Under H, the model simplifies to y, =x), B; + &. The OLS estimators are
By =1 x, %1 )" (E{_1xy,y) and G2 =1X] & /(n—k,), where & =y -
x1, By

Under H,, if v were known, then B could be estimated by ordinary least
squares on (1), yielding estimates B(y)= (T 1%(y)x, (y) )N Er x, (y)y,)
residuals 2,(y) =y, — x,(y) B(y), and sample variance GAXy)=Xr_8(v)?/
(n—(k, +m)). When vy is unknown, then its least- -squares estimate can be
found by minimization of 6,’(y) over y€&I', yielding % = argmin 8,”(y) and
B B(y) These are also the MLE when ¢, is idd Gaussian. It will be useful to
define the regression scores s,(y) =x,(y)e, and their estimates under H, and
H,, respectively, §,(y) =x,(y)&,(y) and §(y) =x,(y)&,.

If v were known, then the testing problem would not be complicated.
A heteroskedasticity-robust Wald test takes the form

T,(») =BGy R(RVF(1IR) " R'B(3)
where R 1s the selector matrix R =(01,)’, V*(y) M,(y,y) Wy IM,(y,y) 1,
V.(y)=1¥r 8(y)5(y), and M,(v,, 'yz) 7 x(yDx,(v,). Alternatively, a
Lagrange multiplier statistic is found by settlng Viy) = Lyn 5(y)5(y). Tests
which assume homoskedastic errors can be formed similarly.

If y were known a priori, then under conventional regularity conditions 7,,(y)
would have a “point-optimal” interpretation and an approximate x> null
distribution in large samples. Hence H, can be tested by selecting a “reasona-
ble” value of y a priori. We might expect this test procedure to work well if vy is
known a priori, or if the selected test statistic is not sensitive to the choice of 7.
For many of the examples of interest, however, neither condition holds. The
researcher is left with an unpleasant dilemma. Either y is selected in a
completely arbitrary way (and thereby sacrifices power) or vy is selected in some
data-dependent fashion, in which case the chi-square distributional approxima-
tion will be invalid. In addition, researchers who estimate unrestricted models
will be generating estimates of y. They will be interested in the question: “Does
the unrestricted model fit statistically better than the restricted model?”” which
cannot be answered by a point-optimal test. To avoid these difficulties, we turn
to tests which do not require prior knowledge of 1.

Davies (1977, 1987) suggested testing H,, by sup 7, =sup, c rT,(y), which
equals the LR statistic when T,(y) is the pointwise likelihood ratio statistic.
Andrews and Ploberger (1994) examine tests of H, and argue that superior local
power can be constructed from the statistics aveT, = [-T,(y)dW(y) and
expT, = In(Jrexp(3Z(y)) dW(y)). All three statistics can be written as functions
8(T,,), where g(-) maps functionals on I" to R, and we write T, ={T,(y): y€ I'}
as a random function on I'. Each function g is continuous with respect to the
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uniform metric, monotonic in the sense that if Z,(y)<Z,(y) for all y then
8(Z,) <g(Z,), and has the property that if Z(y) — o for y for some subset of I"
with positive W-measure, then g(Z) — «. We will denote the test statistic as
g, =&(T,) for any choice of g.

Define M(y,,v,) = E(x(y)x(y,)) and X, =sup,, . p|x,(y)l.

ASSUMPTION 1: w, is strictly stationary and absolutely regular with mixing coef-
ficients m(m) =0(m~1) for some A>v/(v—1) and r>v>1; E|x|" <o
Ele,|* <o; and inf, . rdet(M(y,y))> 0.

The absolute regular mixing coefficient n(/, &) between o-fields & and Z is
defined as

1 :
(o, B)==sup Y, |P(4,nB)—P(A4)P(B)I,
G, ped,n)

where A;CA, B; CB, and the supremum is taken over all the finite partitions
(A,); < and (B)); c; respectively o/ and & measurable. Absolute regularity was
first defined by Volkonskii and Rozanov (1959), and is stronger than strong
mixing yet weaker than uniform mixing. Pham and Tran (1985) have shown that
a wide class of linear processes with iid innovations (such as ARMA processes)
are absolutely regular when the innovation has a bounded, continuous density,
and thus these processes satisfy Assumption 1. Define K, (v, y,) =
1y s(yDs(y,), and K(yy,v,) = E(s,(y)s,(y,)"). Under the stated moment
conditions, we see that for all y,y, € I'y, M, (y;,v,) = M(y,,v,) and K,(y;,7,)
— K(y,,7v,) a.s. We will need the stronger requirement of uniform convergence.
At this point we give high-level conditions, supplying primitive conditions in
Section 4.

ASSUMPTION 2: Forsome B <®and A > 0, ||(h,(y) — h(y'Della, <Bly—y'I*

ASSUMPTION 3: M,(y,,7v,) and K,(y,,v,) converge almost surely to M(y,,v,)
and K(vy,, v,), respectively, uniformly over y,,y, € I'.

Let S,(y)=(1/Vn)X"_,s(y), and let S(y) denote a mean zero Gaussian
process with covariance kernel K(y,,y,). This means that for any {y,,..., v} €
r*, {8(y,),...,S(y,)} is multivariate normal with mean zero and covariances
E(S(y)S(y)") = K(y;, 7). Next, let S(y) =R’'M(y,y)~'S(y) which is a mean-
zero Gaussian process with covariance kernel

I?(’Yl,’)’z) =R'M(')’1,'Y1)_1K('Yl, 72)M(72>72)_1R'
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THEOREM 1: Under Assumptions 1-3, S, =S, T, = T¢, and g, = g° =g(T*),
where

T(y) = (S(y)" +c'Q(PIK(y,y) " (5(y) + Q(¥)c)
and Q(y) = R'"M(y,y) *M(y, y,)R, with vy, the true value of vy when c # 0.

Theorem 1 gives the asymptotic distribution of the test statistic sequence T,
and the global test g, under the local alternative 8, =c/ Vn . Thus the asymp-
totic null distribution of T, is T°(y) = S(y)'K(y,y)~'S(y), which has for each
y € I' a marginal chi-square distribution. Hence, we call T° a chi-square process,
and similarly T° a noncentral chi-square process. Since the null distribution of
g% =g(T") depends, in general, upon the covariance function K, critical values
cannot be tabulated except in special cases.®

3. THE P-VALUE TRANSFORMATION

Let F(-) denote the distribution function of g°, and define p, =1 —F°(g,).
Tests based on g, and p, are equivalent since F° is monotonic and continuous.
From Theorem 1 we see that p, = p¢, where p¢=1—F°(g®). In particular, the
null distribution is p° ~ U, the uniform distribution on [0,1]. Thus the asymp-
totic null distribution of p, is free of nuisance parameters. Our test is to reject
H, if p, < . When the exact null distribution of p, is U, then « represents the
size of the test; otherwise « is an asymptotic size, since
) lim P{p, < alc =0} =a.

n— o
We call p, an “asymptotic p-value.”

Strictly speaking, the label “p-value” and “asymptotic size” are correct only if
the convergence in (2) is uniform* over the null hypothesis. Note, however, that
the distributions of T, g,, and p, are invariant to the parameters B, and o>
Thus in the special case in which x, is strictly exogeneous and ¢, is i.i.d. normal,
the distribution of p, is free of nuisance parameters, so H, is simple and the
convergence in (2) is trivially uniform. In the general regression context, uniform
convergence may not hold. This is common in econometric testing problems and
will not be emphasized in this paper.

The asymptotic power function associated with the test is

m,(c) = lim P{p, < alc} =P{F°(g°) >1— alc}.

It is possible to show that as |c| becomes large, g¢ —  almost surely, so p© — 0
a.s. Hence for any a > 0, m,(c) —> 1 as |c| > %, and the test has nontrivial local
power.

3For example, when testing for structural change of unknown timing (Andrews (1993b)) the
asymptotic distribution only depends upon I' and m.
*For a definition see Sweeting (1980).



